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81. Introduction

Let K be an arbitrary field of characteristic zero, and Br K its Brauer group. Two
numerical invariants, the exponent e(a) and the index i(a), are associated with each el-
ement a € Br K. It is well known that e(a) is a divisor of i(a) and a classical result of
Brauer states that i(a) and e(a) have the same sets of prime divisors [1], [2]. Studying the
dependence of the index on the exponent is an important direction in the theory of Brauer
groups. Unfortunately, there are no general relations here, apart from the one mentioned
above, since the dependence between the exponent and the index changes capriciously as K
changes. In this situation it is natural to give a concrete statement of the above-mentioned
problem.

Given a certain class of fields, find the dependence between the exponents and indices of
elements of the Braver groups of fields in this class.

Several important results have been obtained in this direction. For example, it is
known that e(a) = i(a) in the case of the class of finite fields, or even Ci-fields (these are
classical theorems of Wedderburn and Tsen).

The local and global theories of class fields show that the above equality holds also
in the cases of the classes of local or global fields. The coincidence of the exponent and
the index has recently been established also in the cases of fields of repeated as well as
double formal power series with coefficients in an algebraically closed field (see [3], [4]), as
a part of the general conjecture on the coincidence of the exponent and index of elements
of Brauer groups over Co-fields. However, already in the first half of the last century
it was shown (Brauer [5]) that the exponent does not always coincide with the index
and therefore an answer to the question of their dependence cannot be expressed as a
coincidence theorem. On the other hand, a consideration of fields of rational functions
in infinitely many variables shows that in the class of such fields for a fixed exponent
there can exist elements of arbitrarily large index. Finally, if we consider function fields
K on algebraic varieties defined over an arbitrary field k, then the same phenomenon of
unboundedness of the indices for a fixed exponent can arise due to elements of the group
Br k. Thus, if we are interested in the problem of boundedness of the indices for a fixed
exponent for the class of function fields on algebraic varieties, which in many respects is
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one of the most important classes of fields, then it is natural to consider such varieties
defined over a field k£ for which the corresponding problem of boundedness of the indices
has an affirmative solution. A striking example of the fruitfulness of this approach is given
by the recent result of Saltman [6], [7], who showed that if K is a function field on a
smooth projective curve defined over the p-adic number field, then for any positive integer
n coprime to p, if e(a) = n then the index i(a) is a divisor of n?. Moreover, this bound
cannot be strengthened in the sense that there exist algebras of exponent n and index n2.

Nevertheless, if the field k is sufficiently arbitrary, then it is difficult to expect to
obtain bounds of such a precise type. Until recently one of the main methods of obtaining
bounds for the indices in the general situation was the method of 'controlled’ extension
of the scalars ’killing’ the ramification followed by an estimation of the indices of the
unramified elements. Important for this latter stage is a result of van den Bergh [8] giving
a bound for the indices of unramified elements.

In the present paper we consider the class of purely transcendental extensions K of
finite dimension over the so-called P, ,-fields and show that the indices of elements of the
corresponding Brauer groups depend only on the field of definition, the exponent, and
the ramification of a given element. More precisely, we show that in fact the index of
an element depends not on the ramification at the given point, but on the point itself
where this element is ramified. This result allows us to obtain bounds for the indices
that are better than the bounds arising from the results of van den Bergh. Among earlier
results on the Brauer groups of function fields of projective spaces, from which bounds
for the indices of their elements can be easily extracted (however, not very precise ones),
we should mention the paper [9] on the Brauer group of a complex projective space. We
also mention the papers [10], [11], where a description of unramified elements of exponent
2 of the Brauer groups of function fields of special curves was obtained, and [12], [13]
describing the Brauer groups of special surfaces.

In this paper we successively consider the cases of a projective line, a projective space,
and, finally, the case of a smooth projective curve.

§2. Preliminary results

We begin with the notation and conventions required in what follows.

Let k be an arbitrary field of characteristic zero containing a primitive nth root of
unity, X a smooth projective variety over k, K = k(X) its function field. For a discrete
valuation ring R with residue field k(R) such that the field of fractions of R coincides with
K there exists the homomorphism of ramification at R

Or : Br K — Homg i (Gr,Q/Z) = H (Gr,Q/Z),

where G = Gal(k/k(R)) and k is the algebraic closure of k (see. [14]). A central simple
algebra (c.s.a.) A over K is said to be ramified at R, if Or([A]) # 0; then R is called a
ramification point. It is known that the number of ramification points of a c.s.a. is finite.
The subgroup Ngker dr, where R runs over the set of rings with the aforementioned
properties, is called the unramified Brauer group of the field K and denoted by Bry, K.
The homomorphism O has the following structure (see. [14]). Let R’ and K’ be
the completion of the ring R and the field K, respectively. Then R’ and K’ can be



identified with the ring k(R)[[r]] and the field k(R)((n)), respectively. Let K], be the
maximal unramified extension of the field K’. Then K’ coincide with the field k((7)),
Gal(K!,/K') = Gg, and K’ is the union of all fields of the form k((7'/™)). Then the
Galois group Gal(K’/Kp,) is isomorphic to the group @Z/ n. The cohomological di-

mension of this group is equal to 1; consequently, H 2(Gal(K'/K!,),K") = 0. Since
HY(Gal(K"/K,),K"") = 0 by Hilbert’s Theorem 90, the sequence of restriction and in-
flation gives the isomorphism

H?(Gal(K!,/K"),K! ")~ H*(Gal(K'/K"),K""). (1)

The valuation v : K’ — 7Z can be naturally extended to a valuation v : K/, — Z, which
is a homomorphism of Gal(K],./K’)-modules (Z is regarded as a discrete module). Then
we obtain a homomorphism

H*(Gal(K),,/K'), K},") — H*(Gal(K,,/K'),Z) = H*(Gg, Z). (2)

The exact sequence of Ggr-modules 0 — Z — Q — Q/Z — 0 gives the isomorphism
H?(GRr,7Z) = HY(Gr,Q/Z) = Homeoni(Gr, Q/Z).
Combining the isomorphism (1) and the homomorphism (2) we obtain a homomor-
phism
8R/ : Br K/ I Homamt(GR,Q/Z).

Then the homomorphism Og is defined as the composite

res

Opr
Br K = Br K’ -2 Homeont(Gr, Q/7Z).

If K is a field containing a primitive nth root of unity p and a,b € K*, then the
symbol-algebra (a,b),, is by definition the cyclic algebra generated over K by elements «, 3
such that a” = a, 8" = b, af = pPBa. The element of the Brauer group containing the
algebra (a, b),, is denoted by [(a,b),].

Using the description of the homomorphism Or one can easily prove the following
assertion.

Lemma 1 Suppose that w, a, and b are, respectively, a prime element and units of the
valuation related to the ring R. Then

(i) Or([(a,m)n]) = 0 if and only if a € (K*)";

(1)Or([(a, b)n]) = 0.

We note that in the case of a projective space P}* there exists a one-to-one correspon-
dence between irreducible unitary (in the sense of the lexicographical ordering) polynomi-
als and local rings R of finite points of codimension 1.

83. The case of a projective line and P, ,-fields
First we consider the case where X is the projective line ]P’,lc. In this case, Br k =

Bry,, k(P}). Let k(P}.) = k(z). If Aisac.s. k(P})-algebra and f(z) € K[z] is an irreducible
polynomial defining a valuation of the field k(IP;), then we set A,y = A®k(0)((f)), where
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0 is a root of the polynomial f(x) and k(0)((f(x))) is the field of formal power series (the
completion of the field k(PP}) relative to the valuation defined by the polynomial f(z)).

In addition, the ramification of algebras satisfies the following reciprocity law of Fad-
deev.

Proposition 2 ([15], [16, III, Prop. 2.1], [17, §1.2]) There exists the following exact

sequence

0 — Brk — Br k(P}) 2% (D H'(Gr, Q/Z) <% H'(Gal(k/k),Q/Z) — 0,
R

where R runs over the set of discrete valuation rings such that their fields of fractions
coincide with k(PL), while cor sums the local corestriction maps.

We note that it follows from Faddeev’s reciprocity law that if two c.s.a.’s over k(P})
have identical ramification at the rings corresponding to the finite points of the projective
line, then they have identical ramification also at the ring corresponding to the infinite
point. In addition, if A is unramified, then A is similar to some constant c.s.a., that is,
an algebra of the form B ®y k(PL), where B is a c.s.a. over k.

We shall need the following definition

Definition 3 Two c.s. k(P}))-algebras A and B are said to be Faddeev equivalent if there
exists a c.s. k-algebra C such that

A~ BRypy (C o k(PL))-

Clearly, this is an equivalence relation. Algebras A and B are Faddeev equivalent if
and only if they have identical ramification.

Our main result in the case of a projective line based on the following construction. As
already noted, all the finite ramification points of an algebra A correspond to irreducible
unitary polynomials f;(x) over k. Let F'(x) be the product of all such polynomials f;(x).
Our first result is the following theorem

Theorem 4 Suppose that k is a field containing a primitive nth root of unity and A
is a c.s.a. over k(PL)) of exponent n. Then A is Faddeev equivalent to a c.s.a. of
index at most nlldee F@+/2 yhere [(deg F(x) +1)/2] is the integer part of the number
(deg F(xz)+1)/2.

Proof. Let m = [(deg F(x)+ 1)/2]. We prove the theorem by induction on m. If
m = 0, then deg F(z) =0 and A is unramified at the finite points. Then by the Faddeed
reciprocity law the algebra A is unramified. Thus, A Faddeev equivalent to the trivial
algebra.

Suppose that the theorem is true for m < s and consider the case m = s. We observe
that for deg F'(x) = 1 the algebra A is Faddeev equivalent to an algebra of the form
(u,z — a)y,, where F(x) = x — a and u € k*. Thus, we assume that deg F(x) > 1.

First we suppose that F'(z) is a product of linear polynomials. Let (x — a1)(x — a2)
divide F(x). Then

Amfai ~B;® (Ui, T — az’)n ®k(Pi) k((x - a,-)),z' =1,2,
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where wu; is a non-zero element of the field k£ and B; is some c.s.a. over k. Then the algebra
C=A@py ((z —ar)uy /(a2 — ar), (x — az)ur /(a1 — a2))n

is unramified at the polynomials £ — a; and = — as. Indeed,
Co—ay = B1 ® (ur,x —a1) @ ((x — ar)uy* /(ag — a1),u1)p ~

B ® (w1, — a1) @ ((x — a1),u1)n @ (uz ' /(a2 — a1),u1)n ~
B ® (u1,x —a1) ® (ul_l,x —a1))p ® (u;l/(ag —a1),uq)n ~
By ® (uy'/(ag — a1),u1)n.

It can be shown in similar fashion that

Ca:fag ~ BQ & (u2_17u1/(a1 - (Ig))n.

Thus, all the finite ramification points of the algebra C correspond to irreducible unitary
divisors of the polynomial F'(z)/(z — a)(z — b). Since

[(deg F()/(x - a)(e —b) +1)/2] = [(deg F(x)—2+1)/2] = s— 1,

by the induction hypothesis the algebra C is Faddeev equivalent to an algebra of index at
most n*~'. Then A is Faddeev equivalent to an algebra of index at most n®.

We now suppose that F(z) has an irreducible unitary divisor f(x) of degree greater
than 1.

We have

Af() = A @1y k(Pr) 1) ~ B gty (o, @, f(2))n,y

where « is some non-zero element of the field k(0), 6 is a root of the polynomial f(z),
and B is a c.s.a. over k(6). There exists a polynomial g(x) € k[z]| such that a = g() and
deg g(x) < deg f(z).

Then A®k([p]16) (g(z)~!, f(x))n is unramified at f(x). If deg g(x) = 0, then the finite
ramification points of the latter algebra correspond to irreducible unitary divisors of the
polynomial F(x)/f(z). Since [(deg F(z)/f(xz)+ 1)/2] < s, it follows that the latter
algebra is Faddeev equivalent to an algebra of index at most n*~!. Then A is Faddeev
equivalent to an algebra of index at most n°.

In the case deg g(z) > 0 we denote by go(x) an irreducible unitary divisor of the
polynomial g(x) of positive degree, so that g(x) = go(x)™g1(x), where go(z) and g1 (z) are
coprime. If the algebra A is ramified at the polynomial go(x), then the finite ramification
points of the algebra C correspond to some irreducible unitary divisors of the polynomial
F(z)g1(x)/f(x). Since deg g1(z) < deg g(x) < deg f(z), wehave [(deg F(z)g1(x)/f(z)+
1)/2] < s. Consequently, A is Faddeev equivalent to an algebra of index at most n®.

If, however, the algebra A is unramified at the polynomial gg(z), then let h(z) be the
remainder when f(z) is divided by go(z). Then

A® (9(x) 7" f(2))n ® (9(2) 7 h(@) ™ ~ Ay (9(2) 7 f@)h(z) ™ n



and the finite ramification points of the latter algebra correspond to some irreducible
unitary divisors of the polynomial F(z)gi(x)h(z)/f(z). Since

deg g1(z) + deg h(z) < deg g1(x) +deg go(x) < deg g(z) < deg f(z) -1,

we have [(deg F(z)g1(x)/f(z) 4+ 1)/2] < s. Consequently, A is Faddeev equivalent to an
algebra of index at most n®. The theorem is proved.

Remark. Note that in the case n = 2 we have [(deg F'(z) 4+ 1)/2] = g + 1, where g is the
genus of the hyperelliptic curve corresponding to the equation y? = F(x).
Thus, in the case n = 2 the preceding theorem can be reformulated as follows.

Theorem 5 Suppose that A is a c.s.a. over k(Pi)) of exponent 2. Then A is Faddeev
equivalent to a c.s.a. of index at most n91, where g is the genus of the hyperelliptic curve
corresponding to the equation y*> = F(z).

Remark. The proof of theorem 4 can be used for obtaining the following result of Bloch
[18].

Theorem 6 Suppose that k is a field containing the group p, of nth roots of 1 and L =
k(x1,...,x5) is the function field of the space IP},.. Then the natural homomorphism induced
by the norm residue homomorphism

Ry : Ko(k)/nKy(k) — nBrk and R, : Ko(L)/nKy(L) — ,Br L
have isomorphic cokernels.

Proof. Tt is easy to see that it suffices to prove the theorem in the case L = k(x). We
construct a homomorphism

¢ :,Br k/lm(Rn,k:) — pBr k(x)/lm(Rn,k($)),

by setting ¢(a + im(R,x)) = resy(y)/i(a) + im(R, k(). We now check the correctness
of this definition. Let a € im(R,, x); then a can be represented as a product of symbol-
algebras. Consequently, resy ;) /k(a) can be represented as a product of symbol-algebras
and resp),(a) € im(Ry, r). The correctness is proved.

We claim that the homomorphism ¢ is injective. Let resy,)/x(a) € im(R, k)
Then resy(,)/x(a) can be represented as a product of symbol-algebras. Consequently,
reSy(z).. /k(@) can be represented as a product of symbol-algebras, where k(z) is the com-
pletion of the field k(z) relative to the valuation at the infinite point. Hence, a € im(R,, x).
The injectivity is thus proved. We claim that ¢ is surjective. Any element b of ,,Br F' can
be represented as an algebra of the form (A ®y k(x)) ® (fi, 9i), where A is some algebra
over k and f;, g; € k(). Then b+im(R,, j()) is the image of A+im(R,, ;). Consequently,
the cokernels are isomorphic. The theorem is proved.

As a simple corollary of the preceding theorem we obtain that a s.c.a. of exponent n
over k(x1,...,xs) is similar to a tensor product of cyclic algebras if and only if this is true
for any c.s. k-algebra of exponent dividing n. In the case of special fields k this gives an
elementary proof of Merkur’ev-Suslin theorem for fields k(x1, ..., x5).



Theorem 4 gives upper bounds for the indices of c.s. algebras of exponent n over k(P})
modulo indices of s.s. k-algebras of exponent dividing n. In the case of special classes of
fields of constants k Theorem 4 gives bounds for the indices of c.s. algebras of exponent
n over k(P}). The class of P, ,-fields is important in this respect.

Definition 7 Let n,r be non-negative integers, n > 0. A field k is called P, ,-field if for
any k-algebra A of exponent dividing n the index i(A) divides n'.

Note that if £ is a P, ,-field, then £ is a P, ,-field for any s > .
We now give several elementary properties of P, ,.-fields for convenience of further
exposition.

Lemma 8 Let n = p{*,...,p%s, where the p; are distinct primes and o; > 1. If k is a
P, .-field, then k is a P i -field.

Proof. Let A be any algebra of exponent dividing p;“. Then i(.A) divides n". Consequently,
i(A) divides p;"".

Lemma 9 Let n = p{*,...,p;", where the p; are distinct primes and o; > 1. If k is a
Pp‘;i78i -field, then k is a Py, r-field, where r = LCM(sq, ..., s;).

Proof. Suppose that e(A) divides n and A = A;®,...,®A; is the decomposition of the
algebra A into a tensor product of algebras of exponents dividing p;*. Then i(A) =
1 i(A;) and i(A;) divides p;**'. Consequently, i(A) divides []; p;***. Then i(A) divides
IL P

Then preceding lemmas allow us to restrict our attention to primary n in the study of
the property P, ,. In what follows, n = p™, where p is a prime.

Lemma 10 Suppose k/F is a finite field extension and k is a Py, ,-field. Then F is a
P, s-field, where s = [logyp[k : Flp,| + 1+ 1 and [k : F), is the p-part of the integer [k : F.

Proof. Suppose that e(A) divides n. Then e(A ®p k) divides n which in turn means that
i(A ®@F k) divides n" and i(A) divides [k : F],n". Consequently, F'is a P, -field, where
s = [lognlk : Flp] + 1+ 7.

Remark. The latter lemma gives a useful method for constructing new P, ,-fields from
given ones.

In conclusion we give a list (which is far from complete) of some fields of this type.

(1) Algebraically closed fields and finite fields are P, o-fields.

(ii) Real closed fields are P j-fields and P, o-fields if n is odd.

(iii) The function field of a curve over an algebraically closed field is a P, o-field.

(iv) The function field of a curve over a real closed field is a P j-field and P, o-field if
n is odd.

(v) The function field of a local curve is a P, o-field in the case where n is coprime to
the characteristic of the residue field (see [6], [7]).

(vi) Let R be a Henselian discrete valuation field with field of fractions F' and residue
field k. Suppose that n is coprime to the characteristic of the field k£ and the Brauer group



of any projective curve over every finite extension of the field k is trivial. Then for any
curve C over K the field K(C) is a P, o-field (see [6], [7]).

(vii) Suppose that k is a field with Henselian valuation of rank m and residue field of
characteristic zero which is a P, ,-field. Then k is a P, ;,4,-field.

(viii) Suppose that R is an excellent Henselian local ring of dimension two, K is its
field of fractions, and k is the residue field. Suppose that k is separably closed and n is
coprime to the characteristic of the field k. Then K is a P, ;-field (see [4]).

(ix) A Cy-field is a P, ;-field for p € {2, 3}.

(x) Suppose that k contains a primitive nth root of 1, where n is coprime to the
characteristic of k, and the group k*/(k*)™ is finite. Then k is a P, ,-field for some 7.

For P, ,-fields Theorem 4 can be restated as follows.
Theorem 11 Suppose that k is a P, ,-field containing a primitive nth root of 1, A

is a c.s.a. over k(PL) of exponent n and F(zx) is the same as above. Then i(A) <
nrtl(deg F+1)/2]

Generally speaking, the preceding bound is not optimal, which follows, for example,
from a result of Saltman ([6], [7] ), where £k is a finite extension of the field Q).

However, the situation is not that simple if the whole class of P, ,-fields is considered.
Moreover, the following question seems to us to be meaningful.

Question. Let n,r be positive integers. Does there exist a P, .-field, containing primitive
nth root of 1 such that the bound obtained in Theorem 11 is attained?
84. The case of a projective space
Theorem 4 can be generalized to the case of a projective space.

Theorem 12 Suppose that k is a P, ,-field containing a primitive nth root of 1, L =
k() = k(x1,...,x5), and A is a c.s.a. over L of exponent n ramified at polynomials
Fi(z1,...,xs),..., Fi(x1,...,z5). Let

G(x1,..yxs) = Fi(x1, .0y xg) ... Fy(21, ooy Ts)
and let d; be the degree of the polynomial G(x1,...,xs) in the variable x;. Then
i(A) < prHMat et Motmindd i <yes g0 Mik
where M; = [(d; +1)/2].
We preface the proof of the theorem with two lemmas.

Lemma 13 Suppose that A is a c.s.a. over L = k(P}) = k(z1, ..., xs) with finite ramifica-
tion at irreducible polynomials Fy(x1, ..., Ts),..., Ft(x1,...,xs). Then the finite ramification
of A regarded as an algebra over

k‘(.’L‘l, ceey :1,‘3,1)(19’]16) = k‘(l‘l, ceey .%‘3,1)(:1)5)



(that is, over the field of rational functions with field of constants k(x1,...,x5-1)) occurs
only at some of the unitary polynomials that are divisors of the polynomial

Fi(z1,...,x5) ... Fi(x1, ..., zs)
regarded as a polynomial in k(x1,...,xs—1)[xs].
Proof. We consider A as an algebra over k(z1,...,xs—1)(zs). let
H(zs) € k(z1, ..., xs-1)[s]
be a unitary irreducible polynomial at which A is ramified. Then
H(xg) =2l + (un_l/vn_l)ac?_l + ... + up/vo,

where u;, v; € k[x1, ..., x5-1] and wu;/v; are irreducible fractions.
The algebra A is similar to a product of some cyclic algebras, that is,

A~ (H(xs)v G)l ® B,

where G is some element of the ring k(z1,...,xs_1)[zs] and B is a product of symbol-
algebras not containing the element H(z;). The algebra A is ramified at H(zs) if and
only if

G(0) & (k(x1, .., m5-1)(0)"), (3)

where 6 is a root of the polynomial H(xy) in an algebraic extension of the field k(z1, ..., z5—1)
(see Lemma 1). We claim that

1) the polynomial 7' = H(z) LCM(vy, ..., v,—1) is irreducible over k;

2) the polynomial T' contains the ramification of the algebra 4 as an algebra over
k(x1,...,zs) with field of constants k.

1) Suppose that T is irreducible; then T' = 11T, where T; € k[z1,...,z]. If T1 and

T, contain the variable x4, then the polynomial H(z;) is reducible as a polynomial in z;.
Thus, we may assume that 77 does not contain zs. But then the set of coefficients of
the polynomial T' € k[x1, ..., zs—1][xs] has an irreducible common divisor in k[z1, ..., Zs—1].
We observe that the coefficient of the polynomial 7" at =} is LCM(vy, ..., vp—1) and the
coefficient at z! is equal to

LCM(vg, ..., vp—1)u;i/vi, i =0,...;n — 1,

Let S € k[z1,...,x5—1] be an irreducible divisor of all coefficients of the polynomial 7'
Then S is a divisor of LCM(vy, ...,v,—1). Consequently, S divides at least one of the v;.
We choose a polynomial v; that is divisible by S to the greatest possible power. Then S
divides LCM(vy, ..., vn—1)u;j/v;. But S does divide LCM(vy, ..., vp—1)/v; by the choice of
v;. Then S is a divisor of u; and therefore u; and v; have a common divisor. This is a
contradiction with the irreducibility of w;/v;. Therefore, T is irreducible.

2) We claim that A is unramified at 7. We have A ~ (H(z5), G)y @ B. Then

A~ (H(xs) LCM(vg, ..., vn_1) LCM(vg, ..., vp—1) 1, Q) @ B =

( LCM(vg, . vp—1) 7T, G); @ B.



Since the algebra B is a product of symbol-algebras not containing H (z), we conclude
that B is unramified at 7. In addition, ( LCM(v, ..., v,—1))! ! is not divisible by T, since
it does not contain the variable zs. Thus, the ramification at T is determined by the
element G. Moreover, the algebra A is ramified at T if and only if G & (k(Cr)*)!, where
Cr is the hypersurface defined by the equation T' = 0. Suppose G € (k(C7)*)!. Then
there exist polynomials G1,G2 € k[z1, ..., x5] such that G = G + GoT. Substituting in
the latter equality the element 6 instead of x; we obtain

G(0) = G1(0)' + G2T(9) = G1(0)".

But this contradicts (3). Thus, the algebra A is ramified at 7. The lemma proved.

Lemma 14 Suppose that k is a field of characteristic zero, Hy,...,Hs are irreducible
pairwise coprime polynomials in k[xy,...,xs|. Then there exist infinitely many elements
a of the field k such that the polynomials H; = H;(z1,...,75_1,a) € k[z1,...,75_1] are
PAIrwise coprime.

Proof. Let Y;; C A%” be the sets defined by the systems of equations H; = 0 and H; = 0,
i # j. Then dim Y;; < s —2 and dim U; ;Y;; < s — 2. We consider U; ;Y;; N X,, where X,
is the hyperplane defined by the equation x5 = a. Suppose that there exist polynomials H;
and H; such that H; and Fj have a common divisor h € k[z1,...,zs_1]. Let Z C A% be
the set defined by the equation h = 0 where h is regarded as a polynomial in k[zq, ..., zs].
Then

ZNX, CYiyyNX, CU; Y55 N X,

Indeed, if H; = h;h and Fj = hjh, then Y;; N X, is defined by the equations
Ts = a,hih = O,hjh =0.

Since Z N X, is defined by the equations s = a and h = 0, we have Z N X, C Y;; N X,.
Then
s—2<dim ZNX, =dim Y%j NX, =dim UZ'JY;']‘ N X,

since dim Y;; N X, < s — 2. Consequently, dim U; ;Y;; N X, = dim U; ;Y;; = s — 2.

Since dim U; ;Y;;N X, = s—2, we conclude that X, contains an irreducible component
of the variety U;;Y;; of dimension s — 2. Note that the number of such components is
finite.

Suppose that for an infinite set of elements a € k some of the polynomials H; and
Hj have a common divisor in k[x1,...,25—1]. Then for such an element a the hyperplane
X, contains an irreducible component of the variety U; ;Y;; of dimension s — 2. Since the
number of components is finite, there exist distinct a; and ag in k such that X,, and X,
contain the same component of dimension s — 2. But X,, N X,, = 0. The contradiction
thus obtained proves the lemma.

Proof of Theorem 12. We apply induction on s. In the case s = 1 the assertion follows

from Theorem 11. Suppose that the assertion is true for s < m — 1 and consider the case
s=m.

10



The algebra A is an algebra over the function field of the projective line Pi(wl 1)

By Lemma 13 all finite ramification points of the algebra A correspond to some divisors of
the polynomial G(x1,...,2;,). Then by Theorem 11 the algebra A is Faddeev equivalent
over k(x1,...,2Zm_1) to an algebra B of index at most nl(¢m+1)/2 = pMm

Suppose that A ~ ®;(U;, V;)n, where the polynomials U;, V; € k[x1,...,x,,] are irre-
ducible and GCD(Uj;,V;) = 1. Let H;, ..., H, be all the irreducible pairwise coprime poly-
nomials occurring in the symbol-algebras in the decomposition of A. By Lemma 14 there
exists a € k such that the polynomials H; are coprime. Then A, _, ~ ®;(U;,V;), and
GCD(U;,V;) = 1. We claim that the absence of ramification of A at H € {Hy,..., H;}
implies the absence of ramification of A, _, at H. We rewrite A in the form

A~ (H, U)n & (®z‘(Si7 Tz)n)a
where GCD(H,U)= GCD(H,S;) = GCD(H,T;) =1. Then
Axm—a ~ (Fa U)n ® (®z(§27Tz)n)7

and GCD(H,U) = GCD(H,S;) = GCD(H,T;) = 1 by the choice of a. Since A is
unramified at H, we have U € (k(Xpg)*)" where the set Xy C AJ" is defined by the
equation H = 0. Then there exist Gi,G2 € k[zi,...,xy] such that U = G} + G2H,
which implies that U = G| + GoH. We consider the ramification of the algebra A, _,
at some irreducible divisor hg of the polynomial H. The ramification at hg is defined by
the element U € k(Y3,) where Y, C A" is defined by the equation hy = 0. But, since
U = G} + GoH and hg divides H, we have U € k(Y, )", that is, there is no ramification
at hg. Thus, if A is unramified at H, then A, _, is unramified at the divisors of H.
Consequently, all the finite ramification of the algebra A, _, occurs only at some divisors
of the polynomial F;.
We have,

me—a =B® k(xlv ce 7$m—1)(xm)xm—a ~C ®k(w1,...,:pm,1) k(ﬂ?l, .. 7$m—1)($m)xm—a7
where C is some c.s.a. over k(x1,...,Zpy—1). Then
Z(C ®kz(:v1,...,xm,1) k(xh ey xmfl)(l‘m)lm*a) < Z(B) < nMn

and
(B® (C’1 ®k(z1,. . Tm)))zm—a ~ L.

We consider the algebra A,  _, which satisfies
Av—a ~DREk(x1,. .., Tm—1)(Tm)z,—as

where D is a c.s.a. over k(z1,...,Zm—1). Lemma 14 implies that the algebra D can be
ramified only at some irreducible divisor of the polynomial G. We observe that the degree
of the polynomial G in the variable xj is at most d;. Consequently, by the induction
hypothesis we have

; -1
i(D) < Mt Moo ydming <icm 1 {20 My}
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Further, A® (D' ® k(x1,...,2m))z,,—a ~ 1. Consequently, the algebras A® (D! ®
k(z1,...,7m)) and B&(CT'®k(z1, . .., 7m)) have a trivial completion at a k(x1,. .., Zm_1))-
rational point. Thus,

A~Bo (D tocCcleL).

Then 1
. m—
Z(.A) < nr+M1+~--+Mm+mm19§m{Z1:].# Mj}‘

We observe that A can be regarded as a c.s.a. over the function field of the projective line
P} ) Then we have the following bound for the index:

k('rl7---1xl—11xl+17---7$m

. -1
Z(A) < nT+M1+~~-+Mm+mm1§i§m,i¢l{Z;n:j# Mj}‘

Hence we obtain the following bound:

. . 1
i(A) < Mt Miming {ming <o <m izt {2152, Mty

nT+M1+~-'+Mm+min1§igmZ;n:_j;i M]}} ]

The theorem is proved.

85. The case of a projective curve

In this section we consider the case of an arbitrary smooth curve C over k with function
field £(C'). The results obtained here are based on the following theorem of van den Bergh.

Theorem 15 [8] Let C' be a smooth projective curve over k with a k-rational point P
and D is unramified algebra over k(C') such that D ® k(C)p is the full matriz algebra
over k(C)p, where k(C)p is the completion of the field k(C) relative to the valuation
corresponding to the point P. Then i(D) divides e(D)?(C), where g(C) is the genus of the
curve C.

The first main result is contained in the following theorem.

Theorem 16 Suppose that k and all the finite extensions of k are P, ,-fields, k contains
a primitive nth root of 1, C is a smooth projective curve over k, A is a central simple
algebra over k(C') of exponent n = mequ ramified at closed points Py, ..., Ps of the curve
C, L = k(Py,..., Ps) is the field of definition of these points, and t = p{”l...p;nqu is the
degree of the extension L over k, where GCD(n,u) = 1. Then

Z(A) < nr+N+2g(C)p71n1mpg"bq7 (4)
where N is the number of points of the field k(C) over the points P;.

Proof. The algebra A ®p(cy L(C) has ramification only at N L-rational points. The
ramification at these points is determined by elements aq,...,ay of the field L*. Then
the algebra B=A® L( /a1, ..., {/ay) is unramified. Consequently,

i(B® Bgfl) < n29©)
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by van den Bergh’s theorem, where

BPZB®L(W7"'7W)(C)P7

and P is some L({/ay,..., /ay)-rational point. Since L({/ai, ..., {/an) is a P, -field,
we have i(B) < n"t29(C). By extending the algebra A to an extension of degree at
most tn’V = Pt ... ,pglqunN we obtain an algebra of index at most n"t29(C) " Hence,
i(A) < prNF29(C) g e

The second result is based on the following construction. Suppose that £k is a P, ,-
field, C is a plane projective curve over k defined by the equation F(z,y) = 0 with
k-rational point P, and A is a c.s.a. over K(C) of exponent n = p{*...p;*. Suppose that
t = pTl...pgnqu, where GCD(n,u) = 1, is the minimal of the degrees of the polynomial
F(z,y) in the variables z and y and that 4 is ramified at closed points P, ..., Ps of the
curve C. Let Q1, ..., @ be distinct closed points of the projective line IP’}C lying under the
points F;, and let g be the product of all the irreducible unitary polynomials corresponding
to finite points lying under the points P;.

If all the points Q; are finite, then we set u = g(P)"~! in the case g(P) # 0, and
u =1 in the case g(P) = 0, and set H = gu.

If all the points @; are finite and GCD(deg g,n) = 1, then we set H = gu, where u
is defined as above. If GCD(deg g,n) # 1, then let v be a linear polynomial such that
GCD(v,g) = 1 and let m be the least positive integer such that GCD(deg g + m,n) = 1.
Then we set H = gv™u, where

u_{ (g(P)o™(P))— if g(P)v™(P) #
1 if g(P)yv™(P) =

0;
0.
Let C; be a curve with function field k(C;) = k(C)( %/ H). Assuming the notation intro-

duced above we state the following theorem

Theorem 17 We have
Z(.A) _ n29(01)+7”+1. (5)

Proof. The algebra A ® k(Cy) is unramified. In addition, by the construction of the
polynomial H the curve C; has a k-rational point. Then i(A ® k(Cy)) < n"+29(C1) by
van den Bergh’s theorem, which yields i(A) < n"t1+20(Cpm 7 The theorem is
proved.

Remark. Note that in the case of special curves and exponents the bound (5) is sharper
than (4).

References

[1] A.A. Albert, Structure of algebras, Amer. Math. Soc., New York 1939.
[2] M. Deuring, Algebren, Springer-Verlag, Berlin 1968.

[3] A. B. Zheglov, ”On the structure of two-dimensional local skew fields”, Izv. Ross. Acad. Nauk
Ser. Mat. 65:1 (2001), 25-60; English transl. in Izv. Math. 65 (2001).

13



[4] J.-L. Colliot-Theléne, M. Ojanguren, and R. Parimala, Quadratic forms over fraction fields of
two-dimensional Henselian rings and Brauer groups of related schemes, Publ. Mat. d’Orsay,
Universite de Paris-Sud, Orsay 2000.

[5] R. Brauer,”Untersuchungen iiber die arithmetischen Eigenschften von Gruppen linearer Sub-
stitutionen”, Math. Z. 31 (1930), 733-747.

[6] D. J. Saltman, ”Division algebras over p-adic curves”, J. Ramanujan Math. Soc. 12:1 (1997),
25-47.

[7] D. J. Saltman, ”Correction to: Division algebras over p-adic curves”, J. Ramanujan Math.
Soc. 13:2 (1998), 125-129.

[8] M. van den Bergh, Algebraic subfields and splitting fields of division algebras over function
fields, Ph.D. Thesis. Universiteit Antwerpen, Wilrijk 1985.

[9] P. A. J. Steiner, ”Groupe de Brauer des corps de fractions rationnelles & coefficients com-
plexes”, Enseign. Math. (2) 30 (1984), 115-140.

[10] U. Rehmann, S.V. Tikhonov, and V.I. Yanchevskii, " Two-torsion of the Brauer goups of

hyperelliptic curves and unramified algebras over their function fields”, Comm. Algebra 29
(2001), 3971-3987.

[11] G.L. Margolin, U. Rehmann, and V.I. Yanchevskii, ” Generation of the 2-torsion part of Brauer
group of a local quintic by quaternion algebras, the totally splitting case”, Algebraic K-theory
and its applications. Proc. Conf. Trieste (1997), World Scientific, River Edge, NJ 1999, pp.
503-535.

[12] S.G. Tankeev, ”On the Brauer group”, Izv. Ross. Acad. Nauk Ser. Mat. 64:4 (2000), 141-162;
English transl. in Izv. Math. 64 (2000).

[13] S.G. Tankeev, ”"On the Brauer group of an arithmetic scheme”, Izv. Ross. Acad. Nauk Ser.
Mat. 65:2 (2001), 155-186; English transl. in Izv. Math. 65 (2001).

[14] J.-L. Colliot-Theléne and J.-J. Sansuc, ” The rationality problem for fields of invariants under
algebraic groups (with special regards to the Brauer group)” Lecture Notes from the 9th
ELAM, Santiago de Chile 1988.

[15] D.K. Faddeev, ”Simple algeras over a field of algebraic functions of one variable”, Trudy Mat.
Inst. Steklov. 38 (1951), 321-344; English transl. in Amer. Math. Soc. Transl. (2) 3 (1956).

[16] A. Grothendieck, ”Le groupe de Brauer”, Diz Ezposés sur la Cohomologie des Schémas, North-
Holland-Masson, Amsterdam-Paris 1968, pp. 46-188.

[17] J.-L. Colliot-Théléne and P. Swinnerton-Dyer, ”Hasse principle and weak approximation for
pencils of Severi-Brauer and similar varieties”, J. Reine Angew. Math. 453 (1994), 49-112.

[18] S. Bloch, ”Torsion algebraic cycles, Ks, and Brauer goups of function fields”, Bull. Amer.
Math. Soc. 80 (1974) 941-945.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk
E-mail addresses: tsv@im.bas-net.by, yanch@im.bas-net.by

14



