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ABsTRACT. This paper presents the solutions of the Einstein—Maxwell
equation on all local four-dimensional pseudo-Riemannian homogeneous spaces
and the complete local classification of four-dimensional Einstein—-Maxwell ho-
mogeneous spaces with an invariant pseudo-Riemannian metric of arbitrary
signature.
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INTRODUCTION

We consider classification of low-dimensional homogeneous spaces as an
immediate continuation of classifications obtained by Sophus Lie. Two-
dimensional homogeneous spaces were classified locally by Sophus Lie [L1]
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and globally by G.D. Mostow [M]. (See also preprint [KTD], where the com-
plete classification of two-dimensional homogeneous spaces, both locally and
globally, is presented.) S. Lie also obtained some results in classification
of three-dimensional homogeneous spaces and described all subalgebras in
the Lie algebra so(4,C) (in terms of vector fields). A detailed account of
these classifications can be found in [L2]. The local classification of all three-
dimensional isotropically-faithful homogeneous spaces was obtained in [KT],
and the classification (local and global) of all two- and three-dimensional
pseudo-Riemannian isotropically-faithful homogeneous spaces was given in
[DK].

The problem of classification of four-dimensional pseudo-Riemannian ho-
mogeneous spaces is interesting from the point of view of both geometry
and physics, and not only in the case of signature (1,3) (spaces of relativity
theory) but also in the case of signature (2,2) (twistors).

The classification (local and global) of all four-dimensional Riemannian
homogeneous spaces can be found in [B, I], and the local classification of all
complex four-dimensional homogeneous spaces with an invariant symmetric
bilinear form was obtained in [K1] (for a summary of results see [K]). The
complete local classification of four-dimensional homogeneous spaces with
an invariant pseudo-Riemannian metric of arbitrary signature was presented
in [K2]. We recall this classification in Chapter I.

Let (G, M) be a homogeneous space, G = G, the stabilizer of an arbi-
trary point « € M, and (g, g) the pair of Lie algebras corresponding to the
pair (G, G) of Lie groups. Note that the pair (g,g) locally uniquely defines
the homogeneous space (G, M). A global description of all homogeneous
spaces corresponding to the given pair can be found in [M].

The Einstein-Maxwell equation on the homogeneous space (G, M) has the
form:

r g =me, 1)

where g is an invariant pseudo-Riemannian metric, w is an invariant differen-
tial 2-form on M which is closed (dw = 0) and coclosed (d(*w) = 0), A is an
arbitrary real number, r is the Ricci tensor of g, m,, is an invariant smooth
tensor field of type (0,2) on M defined by m, = w o g~ ! o w, where g,w,m,
are identified with the corresponding mappings TM — T*M.

Equation (1) is called the Einstein equation if m,, = 0.

The global classification of all four-dimensional Riemannian Einstein ho-
mogeneous spaces was given in [J], and the classification of all isotropy
irreducible Riemannian homogeneous spaces, which are obviously Einstein
spaces, can be found in [W] (See also [Be]).

Let (§,9) be a pair of Lie algebras corresponding to the homogeneous
space (G, M). By m denote the factor space g/g endowed with the natural
structure of g-module. Then, in terms of the pair (g, g), the Einstein-Maxwell
equation on the homogeneous space (G, M) will have the form:

R—\B = Mg,
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where B is an invariant nondegenerate symmetric bilinear form on m,  is
an invariant skew-symmetric bilinear form on m which is closed (d2 = 0)
and coclosed (d(*€2) = 0), R is the invariant symmetric bilinear form on m
corresponding to the Ricci tensor, A is an arbitrary real number, Mg, is the
invariant symmetric bilinear form on m corresponding to m,,.

The solution of the Einstein-Maxwell equation on the pair (g,g) is any
triple (B, Q, \) satisfying the equality R — A\B = Mq.

This paper presents the solutions of the Einstein—-Maxwell equation on
all local four-dimensional pseudo-Riemannian homogeneous spaces. We give
this results in Chapter II, 1.

A pseudo-Riemannian homogeneous space (G, M) is said to be an Einstein—
Maxwell homogeneous space if the Einstein—-Maxwell equation has a solution
on (G, M). We can divide the four-dimensional Einstein-Maxwell homoge-
neous spaces into the Riemannian (with an invariant Riemannian metric),
the Lorentzian (with an invariant pseudo-Riemannian metric of signature
(3,1)), and the spaces of type (2,2) (with an invariant pseudo-Riemannian
metric of signature (2,2)).

This paper presents the complete local classification of four-dimensional
Einstein—-Maxwell homogeneous spaces with an invariant pseudo-Riemannian
metric of arbitrary signature. We give these classifications in Chapter II, 2.

CHAPTER 1

PSEUDO-RIEMANNIAN PAIRS

1. CLASSIFICATION OF SUBALGEBRAS IN THE
LIE ALGEBRAS s0(4), s50(3,1) AND s0(2,2)

Preliminaries:

1. For the sake of simplicity instead of the standard notation for a subal-
gebra of 50(2,2) (s0(4) or s0(3,1)) such as

z 0 0 0

0 X O 0

0 0 0 -—Az

we use the following notation:
z 0 0 0
0 X O 0
g - 0 0 —r 0 3 A E [0, ]_].

0 0 0 -—Az
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Here we imply that variables denoted by Latin letters run through R and
that parameters are denoted by small Greek letters.

2. To refer to subalgebras determined in Theorem 1 we use the following
notation:

d.n”,

where d is the dimension of the subalgebra; n is the number of the complex
subalgebra g© of s0(4, C); k is the number of the real form of g* in Theorem 1.

Theorem 1. Any nonzero subalgebra of the Lie algebra so(4) is conjugate
(with respect to GL(4,R)) to one and only one of the following subalgebras:

dim g =
0 0 —=z 0
2 0 O 0 -z
1.1 s 0 0 0 , A€]0,1]
0 Xz O 0
dim g=2
0 0 —= O
3 0 0 0 -y
2.1 z 0 0 0
0 y 0 0
dim g=3
0 y —zr —z 0 z vy 0
9 -y 0 —z = 9 -z 0 2z 0
3.4 - p; 0 y 3.5 (y . 0 0
z —zx -y 0 0 0 0 O
dim g=4

0 vy —x -z
4-22 ) 0 —Z t)

6.12

.
o
O @
S & W

—z —u —v 0
Any nonzero subalgebra of the Lie algebra s0(3,1) is conjugate (with respect
to GL(4,R)) to one and only one of the following subalgebras:
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dim g=1

o O OO
_000

o O OO

o o 8O

) 1.1 (A =0) (

o O OO

o O OO

8O O O

1.1' (A =0) (

A €]0,1]

A €]0,1]

o O OO

o RO O

8O O O

o O OO

1.41

dim g=2

dim g=3

N
~_/~_$00
O_UuOZ
SO O 8

8
yOO\A

8O OO

3.22

AN

0
0

dim g=4
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xr z 0 -t
2 0 0 —z -—y
4.1 0 0 —= O
0 y ¢t 0

dim g==6
0 r Yy 2
3 —z 0 t u
6.1 Lyt 0
z v v 0

Any nonzero subalgebra of the Lie algebra s0(2,2) is conjugate (with respect
to GL(4,R)) to one and only one of the following subalgebras:

1.11

1.21

1.3¢

1.1°

1.18

C O OO OO "8 OO0 O8

o o8 O

dim g=1
0
0 2
0 A €1[0,1] 1.1
Az
0
0 2
0 ) 1.2
—z
1.4"
wsin% 0 0
wcos% 0 0
¢ o @
0 —z COS(E —x sin ?p
0 Tsiny  —TCos g
wcos% 0 0
—z sin% 0 0
S ¢
0 Tsiny  TCos g
0 —x cos % wsin%

dim g=2

C O OO OO 8 O O8 OO

o o o8
o o8 O

) ¢’€]07§]

3 ¢’€]07§[

[>T e R e I e
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B O OO 80 0O

¢ |- ¢ €10,7]
é

2

Z Cos
z sin

¢

2

¢

2

—
i
N

<H
—
[N}

2.3!

z sin
—2Z cos

dim g=3

™
R
[N}

—
<
™

N
n P >
Oo_w
e
N >
| <
o O
8 SR OO
8 H:Oo00 oo o o
o —
— ™
o o
o
A\
-~
N
8
~ ~ o o <
n 8 >
I
S _ _
8
N Do o D@

N
cocoo
> 8
On/_d?_do
yOﬁO
8 N
Sdeoe
(
—

Q

o
N
00~_4w
co P
ym_,wOO
8 NO o
(
—

~!

o

dim g=4
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r vy 0 t
1 z —z —1
4.3 0 0 —=z —z
0 0 -y =
dim g=>5
z y 0 U
1 z t —u 0
51 0 0 —z -z
0 0 —y —t
dim g==6
z vy 0 U
1 z t —u 0
6.1 0 v —z —z
—v 0 —y —t

2. CLASSIFICATION OF PSEUDO-RIEMANNIAN PAIRS

Preliminaries:

1. Let g be one of the subalgebras of the Lie algebras so(4), so(3,1) or
50(2,2) (so(p,q), p+ ¢ = 4) determined in Theorem 1. We assume that
the Lie algebra g acts naturally on R* ; then (g,R*) is a faithful generalized
module. The enumeration of the generalized modules obtained in this way
coincide with that of the corresponding subalgebras of so(p, ¢) in Theorem 1.

We say that a pair (g,g) has type n.m*, if the corresponding generalized
module (g,d/g) is isomorphic to the generalized module n.m*, i.e., to the
generalized module (g,R*), where g is the subalgebra of so(p,q) supplied
with the number n.m* in Theorem 1.

2. Let (g,g) be a pair of type n.m”*. Then without loss of generality we
can identify the Lie algebra g with the subalgebra n.m* of s0(p, q).

Let {u1,u2,us3,us} be the standard basis of R*:

U1 = U9 = Us =

0
0
1

_— o o O

1 0
0 1
0"’ 0]’
0 0 0
3. We define a pair (g,g) in two ways: a) By the commutation table of the
Lie algebra g only. Here by {e1,...,en,u1,us,us,us} we denote a basis of g
(n = dim g). We assume that the Lie algebra g is generated by ey,...,e,.
b) A more compact and generally accepted way, using the decomposition
of the Lie algebra g in direct (semidirect) product of more simple Lie algebras.
By p,r,s, etc. we denote the parameters appearing in the process of the
classification. If there are some complementary conditions on them, it is
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indicated just after the table. Otherwise we assume that these parameters
run through R.

4. By t2 = (p,q) we denote the following Lie algebra: [p,q| = p.
By n3 = (h,p,q) we denote the following Lie algebra:

LI | A P ¢

By ny = (h,p1,p2,p3) we denote the following Lie algebra:

[ ’ ] h Y41 P2 P3

h 0 0 P1 P2
P1 0 0 0 0
p2 | —-pr 0 0 O
ps | —p2 0 0 O

By ns = (h,p1,p2,q1,92) we denote the following Lie algebra:

L]l P P2 @ @

R |0 0 0 0 0
pm |0 0 0 A 0
2 |0 0 0 0 A
¢t |0 —h 0 0 0
¢ | 0 0 —r 0 0

By n5 = (h,p1,p2,q1,92) we denote the following Lie algebra:
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h 0 0 0 P11 P2
P1 0 0 0 0 0
P2 0 0 0 0 0
q1 -pr 0 0 0 h
q2 -p2 0 0 —-h 0

5. We consider only the case g # 0.

Theorem 2. Any pseudo-Riemannian pair (§,9) of codimension 4 is equiv-
alent to one and only one of the following pairs:

1.1!
z 0 0 0
0 Xz O 0
0 0 0 -z
A=0
1.
y 0 0 0 0 0O
g= 0 =z O z,y € R }An3, g = 0 z O reR
0 0 y—= 0 0 —=
[7] €1 Ui U2 Usg Ugq
€1 0 U1 0 —Uus 0
Uy —uy 0 0 Us 0
Us 0 0 0 0 Uy
us3 U3 —Us2 0 0 U3
U4 0 0 —U2 —Us 0
2.
x 0 0 x 0 0
g= 0 y—z 0 ||lz,yc R, pc R }AR? g= 0 —z 0]|lzeR
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[7] €1 Ui U2 Usg U4q

€1 0 (3] 0 —U3 0

7% —U7p 0 0 0 0

U2 0 0 0 pU2

Uus Uus 0 0 Us

Ug 0 0 —pus —us 0
§=sl(2,R) xR xR, g= z 0 20
g = ’ y 8= 0 —z /7

[7] €1 U U2 Usg U4q

€1 0 Uy 0 —us 0

U —uy 0 0 ei1twus 0

Uy 0 0 0 0 0

Uus U3 —e1— U2 0 0 0

Uy 0 0 0 0 0

0 0 0
g=(gAn3) xR, g= 0z 0 ||lzeR
0 0 —=z

[7] €1 U1 U2 us Ug

el 0 Uq 0 —us 0

Uy —uq 0 0 Us 0

Uy 0 0 0 0 0

X Us —U2 0 0 0

Uy 0 0 0 0 0
g=sl(2,R) xva, g=s50(1,1)

wER}
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[,] €1 Ui U2 Uus Ug
€1 0 Uq 0 —Us
Uq —Uq 0 0 €1
U2 0 0 0 U2
Us Us —€] 0
U4 0 0 — U2
g = (s0(1,1) KR?) x 12, g=s0(1,1)
[,] €1 Ui U2 Uus Ug
€1 0 Uq 0 —Us
Uq —Uq 0 0 0
U2 0 0 0 0 U2
U3 us 0 0 0
g 0 0 —Us 0
g=sl(2,R) x R% g=s0(1,1)
[,] €1 Ui U2 Uus Ug
el 0 Uq 0 —us 0
Uy —uq 0 0 e1 0
o 0 0 0 0
X Uus —e1 0 0
g 0 0 0 0
g=sl(2,R) A R? g=s0(1,1)
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[7] €1 U U2 Us Uy
€1 0 Uq %UQ —Us —%’114
Ul —Uj 0 0 —2e; U2
U2 —%’U,Q 0 0 U4
Us Us 261 —U4
U4 %1/4 — U2 0
9.
2.0 0 0
_ 0 = 0 0
g=9gA(n3 xR), g= 00 -2 o zeR
0 0 0 -—=z
[7] €1 U1 U2 Us Uyg
€1 0 Uq %UQ —Us —%’114
(5] —U1 0 0 0 U2
U2 _%UQ 0 0 0 0
U3 us3 0 0 0
U4 %1/4 — U2 0 0
A€ [0,1]
10.
g=gAR%Y g=1.11
[7] €1 U U2 Us Uy
€1 0 Uq A’U,Q —Us —)\u4
Ui —U3 0 0 0 0
U2 —A’LLQ 0 0 0 0
us U3 0 0 0 0
U4 A’Ll,4 0 0 0 0
1.12
0 0 -—=z 0
0 0 0 —Az
g= 2 0 0 0 zeR, Ae[0,1]
0 Xz O 0
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A=0
1.
2y 0 0 0 0
g= 0 y z,y €R } Anz, g= 0 0
0 —=z vy 0 —=z
[,] €1 Ui U2 Uus Ug
€1 0 Uus 0 —U1 0
Uq —Us 0 0 —U2 Uq
Uo 0 0 0 2,
Uus (3] U2 0 0 Us
U4 0 —Uq —2’11,2 —Us 0
2.
y = 0
g= —z y 0 ||z,yeR, peR }AR? g=
0 0 py
[,] €1 Ui U2 Uus Ug
€1 0 Uus 0 —U1 0
Uq —Us 0 0 0 Uq
U2 0 0 0 buz
Us Uq 0 Us
Uy 0 —u1  —pus —us 0
3.
_ 0 =z
gzsu(2)><R><R,g:{[<_w 0>,w,0] wER}
[7] €1 Ui U2 Us Ug
€1 0 Uus 0 —U1 0
Uy —us 0 0 e1 + U 0
Us 0 0 0 0 0
U3 Uy —€1 — U3 0 0 0
Ug 0 0 0 0 0
4,
_ 0 =z
gzs[(2,R)xRxR,g:{[<_w 0>,w,0] wER}

z€eR

o O O

z e R
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[7] €1 U U2 Usg U4q

€1 0 Us 0 —U1 0

U1 —us 0 0 —e+uy O

U 0 0 0 0 0

us U1 eg —uy 0 0 0

Uy 0 0 0 0 0
0 0 O

g=(gAn3) xR, g= 0 0 —z]|zeR

0 =z O

[7] €1 Ui U2 Us Uq

€1 0 U3 0 —-u; O

Uy —us 0 0 Us 0

U 0 0 0 0

Uus U1 —U9 0 0

Uy 0 0 0 0

[ 7] €1 Ui U2 us Ug
€1 0 Us 0 —U1

U1 —ug 0 0 e1

ws |0 0 0 s
Uus U1 —eq 0

Ugq 0 0 —Uy

g=sl(2,R) x ta, g=50(2)
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[,] €1 Ui U2 Uus Ug
€1 0 Us 0 —Uq
Uq —Us 0 —€]
U2 0 0 U2
Us Uq €1 0
Ug 0 0 —U2
g = (50(2) AR?) x v, g=s50(2)
[,] €1 Ui U2 Uus Ug
€1 0 Us 0 —Uq
Uq —Us 0 0 0
U2 0 0 0 0 U2
U3 U1 0 0 0
Ug 0 0 —Us 0
g =su(2) x R?, g=s0(2)
[,] €1 Ui U2 Uus Ug
el 0 U3 0 —U7p 0
Uy —us 0 0 e1 0
o 0 0 0 0 0
Us Uq —€] 0 0
g 0 0 0 0
g=s5l(2,R) x R%, g=s0(2)
[,] €1 Ui U2 Uus Ug
€1 0 Uus 0 —U1 0
Uq —Us 0 0 —€] 0
Us 0 0 0
Us U1 e 0 0
g 0 0 0 0
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11.
g =sl(2,R) KR?, g=s0(2)
[7] €1 U1 U2 Us Uyg
€1 0 Us %1/4 —Uq _%UQ
Uy —us 0 U3 —4e; — Uy
U2 —%’114 — U2 0 —U4 0
U3 Uy 4eq Uy 0 U2
U4 %UQ U4 0 — U2 0
A€ 0,1]
12.
g=gAR%Y g=1.12
[7] €1 U U2 Us Uy
€1 0 Uus A’Ll,4 —U1 —A’LLQ
Ui —Uus 0 0 0 0
U2 —)\u4 0 0 0 0
us U1 0 0 0 0
U4 A’U,Q 0 0 0 0
1.13
z 0 0 0
a= g g _Ow _S‘w z € R, X €]0,1]
0 Xz O 0
1.
g=gAR%Y g=1.1°
[7] €1 U U2 Us Uy
€1 0 Uq A’Ll,4 —Us —A’LLQ
Ui —U3 0 0 0 0
U2 —)\u4 0 0 0 0
us U3 0 0 0 0
U4 A’U,Q 0 0 0 0
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1.1%
0 0 -z 0
0 -z O 0
g= s 0 0 0 z R, X €]0,1]
0 0 0 Mz
1.
g=gAR% g=1.1%
[,] €1 Ui U2 Uus Ug
el 0 Us _A’U,Q —U1 A’UML
U1 —Usg 0 0 0 0
U2 A’U,Q 0 0 0 0
us U1 0 0 0 0
U4 —)\u4 0 0 0 0
1.1°
T COS % wsin% 0 0
mdin @ [
g Tsiny T cos 0 , 0 , wER,gﬁE]O,g]
0 0 —zcos, —rsinyg
0 0 wsin% —z cos%
1.
g=gAR* g=11°
[7] €1 U U2 Usg U4q
e1 0 cos %ul —sin %1@ sin %ul +cos %1@ —cos %u;), +sin %u;i —sin %u;), —cos %u;i
Uq —cos %ul +sin %1@ 0 0 0 0
Uo —sin %ul—cos %1@ 0 0 0 0
Us cos %u;),—sin %u;i 0 0 0 0
Ug sin %u;),—l—cos %u;i 0 0 0 0
1.16
— sin% T COS % 0 0
¢ S
B —zcosy —Tsiny 0 0 ﬂ
= eR €10, %
g 0 0 wsin% wcos% v » ¢ ]’2[
¢ )
0 0 —xcosy wsing
1.
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€1 U1 U2 Us U4

0 —sin %ul —cos %1@ cos %ul —sin %1@ sin %u;), —cos %u;i cos %u;),—l—sin %u;i
sin %ul +cos %1@ 0 0 0 0
—cos %ul +sin %1@ 0 0 0 0
—sin %u;),—l—cos %u;i 0 0 0 0
—cos Qu;), —sin Quéi 0 0 0 0

2 2

x x« 0 0
0 = O 0
8=Ylo 0 —= o ||®¢K
0 0 —z2 -—=z
g=gAR% g=1.2¢

[7] €1 U U2 U3 Uy
€1 0 (5] (5] —|—u2 — U3 —Usg —U4
Ui —U1 0 0 0 0
U2 —U1 — U2 0 0 0 0
us Uz +uq 0 0 0 0
Uq Uq 0 0 0 0

0 -z 0 -—=z

zx 0 =« O

=Ylo o0 o0 —o]|®K
0 0 =2 O
g=gAR* g=12

[7] €1 U U2 Usg Uyg
€1 0 U2 —U1 U2 + U4 —U1 — U3
U — Uz 0 0 0 0
U2 U1 0 0 0 0
Us —Ug2 — Ug 0 0 0 0
Ug U + us 0 0 0 0
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1.3!
0 0 == O
0 0 0 =
=910 0 0 o) *¢k
0 0 0 O
1.
_ 9 0 0
925[(2,R)/<R,g: 0 z€R
[7] €1 Ui U2 Us Ug
e 0 e 0 U1 U2
U1 —e1 0 —%’U/Q us %u4
U2 0 %UQ 0 %1/4
Us —Uu1 —Us —%UAL
U4 — U2 —%’114 0
2.
Yy oy Az 0
g= 0 0 —Az z,y € R, |A| <1 /<R3,g:< 1 >
0 z (A+1)z 0
[7] €1 U1 U2 us Ug
€1 0 0 0 Uq U2
Uq 0 0 0 —A61—|—(A—|— ]_)’Ll,l —I—)\u2 0
U2 0 0 0 0 U2
Us —Uq )\el —(A—|— l)ul—)\u2 0 0 0
U4 —U2 0 —U2 0 0
A<
3.
0 0 0 O
0 0 0 0 y 0y
g= zecR K 0 0 0)|yeR} AR?|,
0 0 = = 00 0
— 0 0 O

£
Il
T
o O
~——
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€1 U1 U2 us Ugq
0 0 0 Ug U
0 0 0 Uy 0
0 0 0 0 o
—Uq —Uq 0 0 €1
— U2 0 — U2 —€]
y vy (1+M) 0
g= 0 0 —(1+X)z ||z,yeR, A>0 /<]R3,g:< 1 >
0 =z 2z 0
] €1 Ui U2 U3 U4q
0 0 0 (/5] U
0 0 0 —(1+M)er+2 u;+(1+ uz 0
0 0 0 0 o
—Uq (]_—|—A2)61 —2)\u1 —(1—|—AZ)’LL2 0 0 0
— U2 0 — U2 0 0
A>0

Met+(L+p)y y  HEztdy

g= e —py 0 —“:T)fw—)\y g,y R, A >0, p#1, K
T T Y

0

1 >

0

€1 Ui U2 Us Ug

0 0 0 U1 U2
0 0 —%61+%U2 —)\el —|—u1 —I—)\u2
0 0 —Ae1 Fug+Aus —per+(p+Dusg

Al )‘ujluel—lj%qu el —up — A 0 0

—uy Aep —ug —Aus per —(p+ us 0 0
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0, p#1
0O 0 0 O 0y
_ 0 =z 0 O
9= 0 0 z z||” R A _Oy g
-z 0 0 O
0
g= 0 >
1
[,] €1 Ui U2 X Uq
e 0 0 0 U1 U2
U1 0 0 0 —U2 U
U9 0 0 0 U1 U2
Us —Uq U2 —Uq 0 €1
U4 — U2 —Uq — U2 —€] 0
z+(14+2)\)y y—z
1+>\)\ Yy 1
- z+ r—
9= - 1+Ay 0 1+§\
z+ Ay z y+Ax
1+ A 1+ A
[,] €1 Ui U2 X Uq
€1 0 0 0 Ui U2
U1 0 0 0 x Y
U2 0 0 0 Y z
Us —u; —r -y 0 0
Uy —Us -y —z 0 0 ,
where
B 1 n A 1
IS T I T I
B 1 L b 1 L 1
Y= I AT A"
A A 142X
= e1t+—— — U2,
1—|—)\ 1—|—)\ 1+

A#£ -1

o ow

yelR

z,y e R, A #£ —1 /<R3,g:<

AR3|,

o= O
~——
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0 0 0 O
_ 0« 0 O
g= 0 0 —z ollZERA(MsxR), g=(p)
0« 0 O
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CHAPTER 1II

EINSTEIN-MAXWELL EQUATION ON
FOUR-DIMENSIONAL HOMOGENEOUS SPACES

Preliminaries:

Let (G, M) be a homogeneous space with an invariant pseudo-Riemannian
metric g. Let w be an invariant differential 2-form on M which is closed
(dw = 0) and coclosed (d(*w) = 0). The Einstein-Maxwell equation on the

homogeneous space (G, M) has the form:

where )\ is an arbitrary real number, r is the Ricci tensor of g, m,, is an
invariant smooth tensor field of type (0,2) on M defined by m, = wog low,
where g,w,m,, are identified with the corresponding mappings TM — T*M.

Equation (1) is called the Einstein equation if m,, = 0.

Let (§,9) be a pair of Lie algebras corresponding to the homogeneous
space (G, M). By m denote the factor space g/g endowed with the natural
structure of g-module, and let z,, € m denote the image of the element z € g
under the natural projection m:§ — m. Then, in terms of the pair (g, g), the
Einstein—Maxwell equation on the homogeneous space (G, M) will have the

form:

R—\B = Mg,

where B is an invariant nondegenerate symmetric bilinear form on m,  is
an invariant skew-symmetric bilinear form on m which is closed (d2 = 0)
and coclosed (d(*€2) = 0), R is the invariant symmetric bilinear form on m
corresponding to the Ricci tensor, A is an arbitrary real number, and Mg, is
the invariant symmetric bilinear form on m corresponding to m,,.

Now we identify m with some (not necessarily g-invariant) subspace of g
complementary to g. Let £ = {e1,...,en,u1,us,u3,us} be a basis of g, where
{e1,...,en} is a basis of g and U = {u1,us,u3,us} is a basis of m. Then we
can identify any bilinear form B on m with the matrix of B with respect to
the basis U. We divide the solution of the Einstein-Maxwell equation on the
pair (g,g) into the following parts:

1. We find B and . The pair (g, g) uniquely defines the isotropic repre-
sentation

p:g — gl(m), p(z)(m) = [z,m|n forallz €g, mem.

Let B € Bil(m) be an arbitrary bilinear form on m. Then the invariance
condition for B has the form: *XB + BX = 0 for all X € p(g). Verifying

symmetry (skew-symmetry) condition, we obtain B(Q).
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2. Q is closed, i.e., dQ = 0. It means that ([F])

dQ(z,y,2) = =z, Y|m, 2)+Q[z, 2]m,y) —Q([y, 2]m,z) =0 for all z,y,z € m.

3. Q is coclosed, i.e., ( * Q) = 0, where x is the Hodge operator corre-
sponding to B. '

4. We compute Mg = QB 1.

5. There is a one-to-one correspondence between the invariant linear con-
nections on (G, M) and the homomorphisms of g-modules A: g — gl(m) such
that A(z)(ym) = [@,y]m for all z € g, y € g. It follows that A(z) = p(z) for
all # € g. The invariant nondegenerate symmetric bilinear form B uniquely
defines the invariant linear Levi-Civita connection A:g — gl(m) in the fol-
lowing way. Let v:gx g — m be the g-invariant symmetric mapping uniquely
determined by the equality

2B(v(z,Y),2m) = B(#m,[2,Y]m) + B([2,%]m,ym) for all z,y,z € g.

Then A(z)(ym) = %[m,y]m +v(z,y) forall z,y € g.

6. To the curvature tensor of the connection A we assign the mapping
K:mxm — gl(m) such that K(z,y) = [A(z),A(y)] — A([z,y]) forall z,y €
m.

7. To the Ricci tensor of the connection A we assign the symmetric bilinear
form R:m x m — R such that

4
R(ui,uj) = ZKli(ulauj)’ Ui, Uj € U, i,j = 1,—4
=1

8. We find the solutions. The solution of the Einstein-Maxwell equation
is any triple (B, Q, \) satisfying the equality R — AB = M.

Remarks.

1. Note that all expressions are linear in all arguments. Therefore, in
order to ensure that these conditions are satisfied for all arguments, we must
only check that they hold for basis vectors.

2. By a, b, c, etc. we denote the entries of B, and by «, 3,4, etc. the entries
of Q. Unless otherwise stated, we assume that the entries of these matrices
run through R. Any additional conditions appear just after the matrices.

3. The matrix B must satisfy the condition det B # 0.

4. For more details about parts 5-7, see [K-N].

Example. Consider the pair

1.1%.2.
T 0 0 z 0 O

g = 0 y—z 0 ||z,yeR,pecR}AR? g= 0 —z 0
0 0 Y 0 0 O

z€eR
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[,] €1 U1 U2 Ugq
€1 0 Uq 0 0
U | —U1 0 0 0
us | 0 0 O 0 pus
Uus Uus 0 0 Uus
g | 0 0 —pus —ug 0

1. Checking invariance condition for arbitrary bilinear form B on m we

obtain that

0 0 b 0 0 a O 0 0 a O
~ | 0 b 0 bs {0 b 0 ¢ _ 0 0 0 B
B = b 0 0 Therefore, B = e 0 0 0 , Q= o 0 0 0
0 b 0 b 0 ¢ 0 d 0 -8 0 0
2. dﬂ(u3,u4,u1) = —Q([u3,u4],u1) + Q([u3,u1],U4) - Q([u4,u1],U3) =
a=0=
a = 0. dQ(ui,uj,u;) = 0, 1,5,k = 1,4. It follows that Q is closed
— a=0.
0 —a’g 0
B 0 0 (bd — ¢*)a
3. =1 2 0 0
0 —(bd—c*)a 0 0
By conditions d(xQ) = 0 and o = 0 we obtain that {2 is closed and coclosed
— Q=0.
4. Mg = QB 10 =0.
5. The mapping v|n:m X m — m has the form:
v(ug,uj)
U1 U2 Uus U4
ac ab
U1 0 0 2(bd—c2) 42 T 2(hd—c2) L4 . %“1
U2 0 bdpiccz Uy — gz U 0 12052322;“2 - b(ﬁcczu‘i
ac ab
U3 | 3(bd—c2) U2 ~ 2(bd—c2) 44 ] 0 0 0
Ugq %ul 52231—2231&2 - bflgﬁcczuzl 0 bfﬁizuz - bﬁfcz Ugq

It follows that the invariant linear Levi—-Civita connection A has the form:

o o o =
o o o O
|
—_

o O o O
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0 0
0 3ma-e
0 0
ab
0 " 2(bd—c?)
0 0 0
3@ 0 0
0 0 0
___ab 0
2(bd—c2)

Ok O O O O OwkH

O O O OO0 O O

[>T e R e I e

120
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6. The curvature tensor of the invariant linear Levi—Civita connection A
has the form:

b? be
0 _2(b};—c2) 0 _2(b};—c2)
ab
K(ugu)= |0 0 3d—cD) 0 :
0 0 0 0
0 0 0 0
ab
T 4(bd—c?) 0 0 0
0 0 0 0
K(u17u3) = ab ;
0 0 4(bd—c?) 0
0 0 0 0
be 2
0 _2(b};—c2) 0 _2(b5—c2) B 411
(2p—1)ac
K(ul,U4) = 0 0 4(€d_02) 0 ’
0 0 0 0
ab
0 0 2(bd—c2) 0
0 0 0 0
s~ 0 0 0
2(bd—c?
K(uz,us) = ( ) pb? pbe )
0 2(bd—c?) 0 2(bd—c?)
0 0 0 0
0 0 0 0
0 —npbe o _ pbd
K(ugu) = | g 00 o The |
232 2pe
0 bZ—c2 0 bs—c2
( 0 : 0 0 0
2p—1)ac
4(€d—c2) 0 0 0
K(u37u4) = 0 __ pbe 0 — pc® 1
2(bd—c?) 2(bd—c?) 4
ab
4(bd—c?) 0 0 0

7. The Ricci tensor of the invariant linear Levi—Civita connection A has
the form:

0 (e 0
R= ab?p+1) ) p(l%)%cg’ g ) %%%16)2%
T 3(bd—c?)
o dgmEe o e

8. The Einstein—-Maxwell equation has the form: R — AB = Mq,.
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ab(p+1)
0 0 304 0 0 0 a 0
== el —pptihe 0b 0 c
_ ablpt) 0 0 0 a0 0 0]70
2(bd—c?)
0 __p(p+1)be 0 _(pzbd-l-pcz) 1 0 c 0 d
bd—c? bd—c? 2

It follows that any solution of the Einstein—-Maxwell equation on the pair
1.11.2 has the form:

p=1

o R OO
o o ov o
o O O Q
QOO O

For other values of p the Einstein-Maxwell equation has no solutions.

1. SOLUTIONS OF EINSTEIN-MAXWELL EQUATION
ON PSEUDO-RIEMANNIAN PAIRS OF CODIMENSION 4

Proposition 1.1'.1. Any solution of the Einstein—-Mazwell equation on the pair 1.11.1
has the form:

0 0 a O
0 b 0 ¢
B = a 0 0 0)°
0 ¢ 0 d
where a? = ¢ — bd,
0 0 a O
0 0 0 a 3b — 2a?
= —a 0 0 0)})° A= 2a¢2
0 —a 0 0

Proposition 1.11.2. Any solution of the Einstein-Mazwell equation on the pair 1.1%.2
has the form:

p=73
2
00 a 0
0 6 0 ¢ 3b
B=1s 00 0f %50 )‘__4(bd—c2)'
0 ¢ 0 d

For other values of p the Finstein—-Mazwell equation has no solutions.

Proposition 1.11.3. The Einstein-Mazwell equation has no solutions on the pair 1.11.3.
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Proposition 1.1*.4. The Einstein-Mazwell equation has no solutions on the pair 1.1*.4.

Proposition 1.11.5. Any solution of the Einstein-Mazwell equation on the pair 1.11.5
has the form:

0 0 a O 0 0 o O
{0 b 0 ¢ B 0 0 0 p _ﬂ2—b
B = a 0 0 0}’ 1= —a 0 0 0} )\_bd—c2’
0 ¢ 0 d 0o -8B 0 0
where a? = %cﬂ —a.

Proposition 1.11.6. Any solution of the Einstein-Mazwell equation on the pair 1.11.6
has the form:

0 0 a O 0 0 o O
{0 b 0 ¢ B 0 0 0 p _ﬂ2—b
B = a 0 0 0}’ 1= - 0 0 0} )\_bd—c2’
0 ¢ 0 d 0o -8B 0 0
where a? = %cﬂ.

Proposition 1.11.7. Any solution of the Einstein-Mazwell equation on the pair 1.11.7
has the form:

0 0 a O 0 0 o O
[0 b 0 ¢ [0 o0 0 B P
B = a 0 0 0} 1= —-a 0 0o 0}’ )\_bd—c2’
0 c 0 d 0 -8 0 0
where a? = —b%%cz — a.

Proposition 1.11.8. Any solution of the Einstein-Mazwell equation on the pair 1.11.8
has the form:

0 0 a O 0 0 a O

{0 0 0 b o o o0 B B

B=14 00 0] =1 _, 0 0 0]’ A“ﬁ’
0 b 0 0 0 -8 0 0

2 2
where a? = ﬁb;‘ + 3a.

Proposition 1.11.9. Any solution of the Einstein-Mazwell equation on the pair 1.11.9
has the form:

0 0 a O 0 0 a O
[0 0 0 b [ 0o o o0 B B
B=1la o0 o0] %={=a 0 0 0] A“ﬁ’
0500 0 -8 0 0
2 _ pZa®

where o -
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Proposition 1.11.10. Any solution of the Einstein-Mazwell equation on the pair 1.11.10
has the form:

A=0
0 0 a O 0 0 o O
[0 b 0 ¢ 0o o o0 B B
B = a 0 0 0]’ = —a 0 0 0}’ )\_bd—c2’
0 ¢ 0 d 0 —pB 0 0
. ,62112
wherea2——m.
A=
0 A 0 C
B_(At 0)7 Q_(_Ct 0)7 AER)
where A € GL(2,R), C € Mat(2,R), such that —AA = CA~1C.
A €]0,1]
0 0 ¢ O 0 0 o O
[0 0 0 b o 0o o0 B P
B=la o000 % | a 0 0o * &
0 b 0 0 0o -8 0 0
where a® = ﬁ:gz.

Proposition 1.12.1. Any solution of the Einstein—-Mazwell equation on the pair 1.1%2.1
has the form:

a 0 0 O
0 b 0 ¢
B = 0 0 a 0)°
0 ¢ 0 d
where 4a® = bd — 2,
0 0 a O
0 0 0 —2a 2a” — 3b
= —a 0 0 0 A= 2a¢%
0 2a 0 0

Proposition 1.12.2. Any solution of the Einstein—-Mazwell equation on the pair 1.1%2.2
has the form:

p=1

3b

=0 A=

o O O R
o o ov o
o R O o

o6 O

d
For other values of p the Finstein—-Mazwell equation has no solutions.

Proposition 1.12.3. The Finstein-Mazwell equation has no solutions on the pair 1.12.3.
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Proposition 1.12.4. The Finstein-Mazwell equation has no solutions on the pair 1.1%.4.
Proposition 1.12.5. The Einstein-Mazwell equation has no solutions on the pair 1.12.5.

Proposition 1.12.6. Any solution of the Einstein-Mazwell equation on the pair 1.12.6
has the form:

a 0 0 O 0 0 o O
{0 b 0 ¢ o o o0 8 BP0
B = 0 0 a 0}’ 1= —a 0 0 0} )\_bd—c2’
0 ¢ 0 d 0o -8B 0 0
wherea2:ﬁ2_ba2—a.

bd—c?

Proposition 1.12.7. Any solution of the Einstein-Mazwell equation on the pair 1.1%.7
has the form:

a 0 0 O 0 0 o O
{0 b 0 ¢ [0 o o p B b
B = 0 0 a 0} 1= —a 0 0 0} )\_bd—c2’
0 ¢ 0 d 0 -8 0 0

2 _ B*=b 2
where a* = Tz 0” + a.

Proposition 1.12.8. Any solution of the Einstein-Mazwell equation on the pair 1.12.8
has the form:

a 0 0 O 0 0 a O
{0 b 0 ¢ B 0 0 0 p B -b
B = 0 0 a 0]’ = —a 0 0 0]’ )\_bd—c2’
0 ¢ 0 d 0 —pB 0 0
where a? = IZZ‘_—cbz a’.

Proposition 1.12.9. Any solution of the Einstein-Mazwell equation on the pair 1.12.9
has the form:

a 0 0 O 0 0 a O
[0 b 0 ¢ 0o o o0 B B
B = 0 0 a 0}’ = —a 0 0 0] )\_bd—c2’
0 c 0 d 0 -8 0 0
where o? = b%fcz a.

Proposition 1.12.10. Any solution of the Einstein-Mazwell equation on the pair 1.12.10
has the form:

a 0 0 0 0 0 a 0
[0 b 0 ¢ [0 o0 0 B P
B=1lo0ao] 5o 0 0 0] *m_

0 ¢c 0 d 0 -8 0 0

2 2
where a® = % + a.
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Proposition 1.12.11. Any solution of the Einstein—-Mazwell equation on the pair 1.12.11
has the form:

a 0 0 0 0 0 a 0
{0 b5 0 0 0o o o0 B B
B=1oo0ao0| % |=a 0 0 o] * &

00 0 b 0 -8 0 0

2 2
where a? = ﬁb—g + 6a.

Proposition 1.12.12. Any solution of the Einstein—Mazwell equation on the pair 1.12.12
has the form:

A=0
a 0 0 O 0 0 a O
[0 b 0 ¢ [0 o0 0 B P
B = 0 0 a 0}’ = —a 0 0 0]’ )\_bd—c2’
0 ¢ 0 d 0o -8B 0 0
_
where a2_bd—c2'
A=1
a b 0 d 0 Yy a4
b ¢ —d 0 |- O b B
B = 0 —-d a b}’ = —a =6 0 4]’ A€ R,
d 0 b ¢ -5 - —y 0
such that —AB = Mg, where Mg = QB1Q.
A €]0,1]
a 0 0 O 0 0 a O
{0 b5 0 0 0o o o0 B B
B=1o0ao0] %= -a 0 0 0] %
0 0 0 b 0o -8B 0 0
wherea2:%.

Proposition 1.13.1. Any solution of the Einstein-Mazwell equation on the pair 1.13.1
has the form:

(o= ~ I en B en)
o o o O
o O O Q
[ o en R e B en ]

Proposition 1.1%.1. Any solution of the Einstein-Mazwell equation on the pair 1.1%.1
has the form:

cooe
o oo
o oo
co - o

)

I

=

>

I

o
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Proposition 1.15.1. Any solution of the Einstein-Mazwell equation on the pair 1.1°.1
has the form:

0 0 a b 0 0 a 8
[0 0 b —a [0 0 8 —a _at—p
B = a b 0 0 |’ = —a -3 0 0 ’ )\_62 a?’
b —a 0 0 -8 a 0 0
where a®> # %, a8 = %ab, or
0 0 a e€a 0 0 a da
0 0 ea —a 0 0 Jda —a da’?
B = a e 0 0 |’ = —a —6b6a 0 0 [’ A= ca2’
ea —a 0 O —da « 0 0

where e € {—1,1}, é§ € {—1,1}.

Proposition 1.15.1. Any solution of the Einstein-Mazwell equation on the pair 1.15.1
has the form:

0 0 a b 0 0 a
{0 0 —b a B 0 0 -8 «a B o’ — 3?2
B = a =b 0 0]’ = —a £ 0 0]’ A_b2—a2’
b a 0 0 -6 —a 0 0
where a®> # %, a8 = %ab, or
0 0 a €a 0 0 a da
0 0 —ea a 0 0 —da « da’?
B = a —ca 0 0|’ = —a  da 0 0o |’ )\__a?’
ga a 0 0 —ba —a 0 0

where e € {—1,1}, é§ € {—1,1}.

Proposition 1.21.1. Any solution of the Einstein-Mazwell equation on the pair 1.21.1
has the form:

0 0 a O 0 0 a 0
0 0 b a 0 0 2 q 2
B=1a b0 0] %7 —a -2 0 0|’ A=
0 a 0 O 0 —a 0 O
where o # 0, or
0 0 a O 0 0 0 O
{0 0 b a |10 0 B0 B
B = a b 0 0]’ = 0o -8 0 0]’ A=0
0 a 0 O 0 0 0 O
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Proposition 1.22.1. Any solution of the Einstein-Mazwell equation on the pair 1.2%.1
has the form:

0 0 a O 0 0 0 a
0 0 0 a 0 0 —a O a?
B=laos o) 5|0 a o | A=
0 a 0 b —a 0 -2 ¢
where o # 0, or
0 0 a O 0 0 0 O
0 0 0 a 0 0 0 O
B=1s2 05 0] % {00 o 5| 270
0 a 0 b 0 0 -8 0

Proposition 1.3'.1. Any solution of the Einstein-Mazwell equation on the pair 1.31.1
has the form:

0 0 0 a 0 0 B «a
10 0 —a O B 0 0 a ¥ 3¢ By—o?
B=1lo _a » 4] 9= B —a 0 0] )‘_S?Jr az
a 0 d ¢ —a — 0 0
where a® +~2 #£ 0, bc = d?, 2ad = vb+ B¢, or
0 0 0 a 0 0 B O
0 0 —a O 0 0 0 O 3c
B=1y o » a] 9= -8 0 0 0} )‘_8?’
a 0 d ¢ 0 0 0 O

where 88%c = 15(bc — d?).

Proposition 1.31.2. The Einstein-Mazwell equation has no solutions on the pair 1.31.2.
Proposition 1.31.3. The Finstein-Mazwell equation has no solutions on the pair 1.31.3.
Proposition 1.31.4. The Finstein-Mazwell equation has no solutions on the pair 1.3'.4.

Proposition 1.3'.5. Any solution of the Einstein-Mazwell equation on the pair 1.31.5
has the form:

A=0, p=2
0 0 0 a 0 0 B 0
0 0 —a O 0 0 0 B B2
B = 0 —a b d ) Q= —/8 0 0 _ﬁ(;i—c) y A R
B(b+e)
a 0 d ¢ 0 -8 — 0
where 3 # 0, or
0 O 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)}° 1= 0o 0 0 ¢} A=0
a 0 d ¢ 0 0 -6 O
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A=0, p=-2
0 0 0 «a g g g g 2
B=ly % W al o= s 0 0 %4ﬁ%;z, A:—%;,
a 0 d ¢ 0 33 _%_w 0
where 3 # 0.

For other values of A\, u the Einstein-Mazwell equation has no solutions.
Proposition 1.31.6. The Finstein—-Mazwell equation has no solutions on the pair 1.31.6.
Proposition 1.31.7. The Finstein-Mazwell equation has no solutions on the pair 1.31.7.

Proposition 1.3'.8. Any solution of the Einstein-Mazwell equation on the pair 1.31.8
has the form:

0 0 0 a 0 0 0 0
0 0 —a O 0 0 0 ¥
B=lo o v a)> 5|0 0 0o —g-z2] =0
a O d ¢ 0 —v %4-% 0
where v # 0.

Proposition 1.31.9. Any solution of the Einstein-Mazwell equation on the pair 1.31.9
has the form:

A=1
0 O 0 a 0 0 I¢; 0
B = 0 —a b dJ]’ 1= -3 0 0 _vb;:lﬁc yA 2
a 0 d c 0 —~ ’Yb;;ﬁc 0
where 3% +~2 #£0, or
0 0 0 a 00 0 O
0 0 —a O 0 0 0 O
B=1o —a 5 4| %= loo o 5| 270
a 0 d ¢ 0 0 -6 O
A#£1
0 0 0 a g g g 0
0 0 —a O 7
B = 0 —a b d =19 o 0 _%_;_Z , A=0,
(1—)\)20, b
a 0 d ¢ 0 = L 0

where v # 0.
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Proposition 1.31.10. Any solution of the Einstein-Mazwell equation on the pair 1.31.10
has the form:

0 0 0 a 0 0 0 0
0 0 —a 0 0 0 0 ¥
B=lo —a b af %50 0 0 gz A=0
a 0 d ¢ 0 —v ﬁ_}% 0
where v # 0.

Proposition 1.31.11. Any solution of the Einstein-Mazwell equation on the pair 1.31.11
has the form:

0 0 0 a 0 O 0 0
0 0 —-a O 0 0 0 gl
B=lo =« » a]> =0 0 0o —z-g] 2=0
a 0 d ¢ 0 —y 242 0
where v # 0.

Proposition 1.31.12. Any solution of the Einstein-Mazwell equation on the pair 1.31.12
has the form:

A=1, p=2
0 0 0 a 0 O I} a
{0 0 —a O 10 0 a By — a?
B= 0 —a b 1= —B —a 0 2ad_21b_ﬁc A= a2’
a 0 d c —a -y — 2ad—2'z;b—,3c 0
wherea2—|—ﬂ2—|—727é0, or
0 0 0 a 0 0 0 O
0 0 —-a O 0 0 0 O
B = 0 —a b dJ’ = 0 0 0 4]’ A=0
a 0 d ¢ 0 0 -6 O
A=3, p=2
0 0 0 a 0 0 I} 0
{0 0 —a 0 I U 0 gl _ By
B=1o —a 5 a|> %= |5 o 0o  -bibe | A=
a O d c 0 —~ Vb;:lﬁc 0
where B2 +~2 # 0, or
0 0 0 a 0 0 0 O
0 0 —-a O 0 0 0 O
B = 0 —a b dJ’ = 0 0 0 4]’ A=0
a 0 d ¢ 0 0 -6 O
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p=A+1, A#1

0 O 0 a 0 0 0 a
0 0 —a O 0 0 a 2
B=10 @« 5 a4 ®7 |0 -a 0 el |0 AT
a 0 d ¢ —a -y _Zaga—yb 0
where a2—|—727£0, or
0 O 0 a 00 0 O
0 0 —a O 00 0 0
B=1lo o b 4 ®=loo o 6| *70
a 0 d ¢ 0 0 -6 0
:u“:)‘_la)‘#3
0 O 0 a 0 0 0 0
{0 0 —a O I 0 ~ B
B = 0 —a b dJ}’° Q= 0 0 0 _% , A=0,
a 0 d C 0 — % 0
where v # 0, or
0 O 0 a 00 0 O
0 0 —a O 00 0 0
B=1o -« » a]" =00 o s *=0
a 0 d ¢ 0 0 -6 0
0 0 0 «a g g g 0
0 0 —a O ’Yz
B= 0 —a b d » 2=[0 o 0 W_% , A=0,
¢ 0 d 0 g sOowPeim
where v # 0.

Proposition 1.31.13. Any solution of the Einstein-Mazwell equation on the pair 1.31.13
has the form:

A= 1
0 O 0 a 0 0 0 a
0 0 —a O 0 0 a 2
B = 0 —a b dJ}’ 1= 0 —«o 0 20”;“—71’ ’ )‘:_a2’
a 0 d c —o - —20‘3“—7[) 0
where o 4 ~2 # 0, or
0 O 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)}° 1= 0o 0 0 ¢} A=0
a 0 d ¢ 0 0 -6 O
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A=
0 0 0 @ 0
0 0 —a O 0
B=lo —a b a] ®5 0
a O d c 0
where v # 0, or
0 0 0 @ 0
0 0 —a O 0
B = 0 —a b 4}’ = 0
a 0 d ¢ 0
)‘Q{_%ag}

0 0 a 0 0 0
g0 0 =0} o [° 7 0
{0 —a b a0 0

a 0 d c 0 —v _(1—(>\4—7§) )a

where v # 0.

o O O

0 0
0 v
b |, A=0,
Ob —;—a
0 0 0
0 0 0
o o &) =0
0 -85 0
0
Y
1-(A-1%a b
4y 2a
+2 0

1o/

Proposition 1.31.14. Any solution of the Einstein-Mazwell equation on the pair 1.31.14

has the form:

A=0
0 0 0 a 0 0
0 0 —a O 0 0
B=1lo o » 4] ®=| 0 -a
a 0 d C —Q —
where a2—|—727é0, or
0 0 0 a 0
0 0 —a O 0
B = 0 —a b d}’ 1= 0
0 d c 0
A=1
0 O 0 a 0
0 0 —a O 0
B=1o o » 4a] %= o
a O d c 0
where v # 0, or
0 0 0 a 0
0 0 —a O 0
B = 0 —a b d}’ 1= 0
a 0 d ¢ 0

0 a
(84
0 2a;y—'yb 3 A=—
2a
2ag;'yb 0
0 0 O
0 0 O
0o 0 s A0
0 -6 O
0 0
0
b ) A= 07
Ob — 5
0 0 O
0 0 O
0o 0 s A0
0 -6 O
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A ¢{0,1}

0 0 0 «a g g g 0
0 0 —a O ’Yz

B= 0 —a b d , = 0 O 0 W_;_Z , A=0,
R A

where v # 0.

Proposition 1.3'.15. The Einstein-Mazwell equation has no solutions on the pair
1.31.15.

Proposition 1.3'.16. The Einstein-Mazwell equation has no solutions on the pair
1.31.16.

Proposition 1.31.17. Any solution of the Einstein-Mazwell equation on the pair 1.31.17
has the form:

0 O 0 a 0 0 0 a
0 0 —a O 0 0 a 2
B=1lo —a 5 a]> ¥ 0 -a 0 zadnb | AT g
a 0 d ¢ —a -y 20‘;;7[’ 0
where o 4 ~2 # 0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)}° 1= 0o 0 0 ¢} A=0

a 0 d ¢ 0 0 -6 O

Proposition 1.31.18. Any solution of the Einstein-Mazwell equation on the pair 1.31.18
has the form:

0 O 0 a 0 0 0 a
0 0 —a O 0 0 a a?
B=lo b a]> %7 0 —a o |, A=0m
a 0 d ¢ —a -y 20”;;71’ 0
where a2—|—727é0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)° 1= 0o 0 0 ¢)° A=0
a 0 d ¢ 0 0 -6 O

Proposition 1.31.19. Any solution of the Einstein-Mazwell equation on the pair 1.31.19
has the form:

0 0 0 a 0 0 0 0
0 0 —a O 0 0 0 vy

B=10 _a b a]> &=]0 o 0 %_g ;, A=0,
a O d ¢ 0 —v —%4-;—2 0

where v # 0.
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Proposition 1.31.20. Any solution of the Einstein-Mazwell equation on the pair 1.31.20
has the form:

0 0 0 a 0 0 0 0
0 0 —a O 0 0 0 Y
B=lo o v a)> 5|0 0 0o —g-z2] =0
a O d ¢ 0 —v %4-% 0
where v # 0.

Proposition 1.31.21. Any solution of the Einstein-Mazwell equation on the pair 1.31.21
has the form:

A=0
0 O 0 a 0 0 0 0
{0 0 -a O 10 0 0 ~ _
B=1o —a 5 4] =0 0 o —2| *=0
a 0 d c 0 —v % 0
where v # 0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)° 1= 0o 0 0 ¢)° A=0
a 0 d ¢ 0 0 -6 O
A=2
0 O 0 a 0 0 0 a
0 0 —a O 0 0 a 2
B=1lo « » a]> ¥l 0 -a 0 zadsb [, A=
a 0 d c —o - —20‘3“—7[) 0
where a2—|—727é0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b d)}° 1= 0o 0 0 ¢} A=0
a 0 d ¢ 0 0 -6 O
A ¢ {0,2}
0 0 0 a 0 O 0 0
0 O 0
0 0 —a O 7
B = 0 —a b d , = 0 0 0 (2>\4—$)a ;Z , A=0,
a O d ¢ 0 ~ (2>\;7>\)a_|_;2 0

where v # 0.
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Proposition 1.31.22. Any solution of the Einstein-Mazwell equation on the pair 1.3'.22
has the form:

0 0 0 a 0 0 0 0
0 0 —a 0 0 0 0 ¥
B=1o o v af %50 0 0 gyl =0
a 0 d c 0 —y -2+ 0
where v # 0.

Proposition 1.31.23. Any solution of the Einstein-Mazwell equation on the pair 1.31.23
has the form:

0 0 0 a 0 0 0 0

{0 0 -a O 10 0 0 ~ _

B=1o —a 5 4] =0 0 o —2| *=0
a 0 d c 0 —v % 0
where v # 0, or

0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O

B = 0 —a b dJf’ = 00 0 4/’ A=0
a 0 d ¢ 0 0 -6 0

Proposition 1.31.24. Any solution of the Einstein-Mazwell equation on the pair 1.31.24
has the form:

A=0
0 0 0 a 0 0 2y 0
0 0 —a O 0 0 0 ~y 27
B= 0 —a b 4}’ f1= —2y 0 0 _%_% ) )\_a—2,
a 0 d ¢ 0 —v 7(172-1;26)_'_% 0
where v # 0.
A=2
0 0 0 a 0 0 —2v a
0 0 —a O 0 O a a? & 272
B=1lo a5 a]" |2y - 0 f?+ﬁ%il’A__ 2
a 0 d C —a —y O;d _ 7(2260,_12) 0
where a® +~2 #£0, or
0 0 0 a 0 0 0 O
0 0 —-a O 0 0 0 O
B = 0 —a b d)’ 1= 00 0 §|° A=0
a 0 d ¢ 0 0 —§ 0

For other values of A the Finstein—-Mazwell equations has no solutions.



LINS LT HRIN-NMAAWLLL LEQUATION 141

Proposition 1.31.25. Any solution of the Einstein-Mazwell equation on the pair 1.31.25
has the form:

A=0
0 0 0 a 0 0 —2~ 0
0 0 —a O 0 0 0 22
B= 0 —a b 4}’ = 2y 0 0 7(222_[))4’% , A= a2’
c—b a
a 0 d ¢ 0 ~ 7(22a ) - 0
where v # 0.
A=2
0 0 0 a 0 0 2~ a
0 0 —a O 0 0 a 22 — a?
B= 0 —a b d)}° L -2y —a 0 ad_’y(22c:—b) , A= 2 ,
a 0 d C —a -y - Ole + '7(225:'17) 0
where a® +~2 #£0, or
0 O 0 a 0 0 0 O
0 0 —-a O 0 0 0 O
B = 0 —a b d Q= 0 0 0 A E A=0.
a 0 d ¢ 0 0 —6 0

For other values of A the Finstein—-Mazwell equations has no solutions.

Proposition 1.3'.26. The Einstein-Mazwell equation has no solutions on the pair
1.31.26.

Proposition 1.3'.27. The Einstein-Mazwell equation has no solutions on the pair
1.31.27.

Proposition 1.3'.28. The Einstein-Mazwell equation has no solutions on the pair
1.31.28.

Proposition 1.3'.29. The Einstein-Mazwell equation has no solutions on the pair
1.31.29.

Proposition 1.31.30. Any solution of the Einstein-Mazwell equation on the pair 1.3.30
has the form:

A=1, p=1
0 0 0 a 0 0 0 a
0 0 —a O 0 0 a 0 o?
B=1o w v a|° "5 0 —a o =[ AT
a 0 d ¢ —a 0 —%d 0
where o # 0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B = 0 —a b 4}’ = 0 0 0 4}’ A=0
a 0 d ¢ 0 0 -6 0

For other values of A\, u the Einstein-Mazwell equation has no solutions.
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Proposition 1.31.31. Any solution of the Einstein-Mazwell equation on the pair 1.31.31
has the form:

0 0 0 a 0 0 8 a
10 0 —a O | 0 0 a ~ _ﬂ’y—aZ
o A A EE 0 Zadbope o AST

a 0 d c —a —y —2edoybofe 0

where a® + B2 +~2 £0, or
0 0 0 a 0 0 0 O
0 0 —a 0 00 0 0
B_ 0 —a b d ? Q_ 0 0 0 5 ’ )\—0
a 0 d ¢ 0 0 -6 0

Proposition 1.31.32. Any solution of the Einstein-Mazwell equation on the pair 1.31.32
has the form:

0 0 0 a 0 0 8 a
B=lo a b a|> 5|8 —a 0 zewese|s A=T—
a 0 d c —a —y —Zedoabope 0
where a® + B2 +~2 £0, or
0 0 0 a 0 0 0 O
0 0 —a O 0 0 0 O
B_ 0 —a b d ? Q_ 0 0 0 5 ’ )\—0
a 0 d ¢ 0 0 —§ 0

Proposition 1.4'.1. The Einstein-Mazwell equation has no solutions on the pair 1.4%.1.

Proposition 1.41.2. Any solution of the Einstein-Mazwell equation on the pair 1.4%.2
has the form:

p=3
0 0 —a O 0 0 0 0
0 a 0 O 0 0 a 0 3
B(a 0 c ]’ 1= 0 —a 0 B}’ 4d’
0 0 d 0 0 -8 0
b a2 2
whereﬁ:7+%.
p=1
0 0 —a O
0 a 0 O 4
=" ¢ o|oe=0 A=
0 0 d
pZ{3:3
0 0 —a O
1 0 a 0 0 B 3(p—1)2
B = —a 0 0 ¢’ =0, A=- d
0 0 ¢ d
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Proposition 1.41.3. Any solution of the Einstein-Mazwell equation on the pair 1.41.3

has the form:

0 0
0 a
B = —a 0
0 0

QU O O O

Proposition 1.4'.4. Any solution of the Einstein-Mazwell equation on the pair 1.41.4

has the form:

0 0
0 a
B = —a 0
0 0

QU O O O

Proposition 1.41.5. The Einstein-Mazwell equation has no solutions on the pair 1.41.5.

Proposition 1.41.6. The Einstein—-Mazwell equation has no solutions on the pair 1.4'.6.

Proposition 1.41.7. The Einstein-Mazwell equation has no solutions on the pair 1.4.7.

Proposition 1.41.8. Any solution of the Einstein-Mazwell equation on the pair 1.41.8

has the form:

0 0
0 a
B = —a 0
0 0

QU O O© O

Proposition 1.41.9. Any solution of the Einstein-Mazwell equation on the pair 1.41.9

has the form:

0 0 —a O
0 a 0 O
B = —a 0 b ¢
0 0 ¢ d

2 2
wherep2—|—p—|—r—|—%:%—l—%.

OO OO

0 0 O
0 a 0
a0 8] A=0,
0o - 0

Proposition 1.41.10. Any solution of the Einstein-Mazwell equation on the pair 1.41.10

has the form:

0 0 —a O
0 a 0 O
B = —a 0 c
0 0 ¢ d

wherep2—|—p—|—r:%2—|—ﬁ;.

o O o O

0 0 O
0 a 0
a0 8] A=0,
0o - 0

Proposition 1.4'.11. Any solution of the Einstein—-Mazwell equation on the pair 1.4%.11

has the form:

0 0 —a O

0 a 0 O

B = —a 0 c
0 d

2

0
wherer—l—%—%—l—ﬁ;.

[>T e R e I e

0 0 0
0 a 0
—a 0 B}’ A=0,
0o - 0



144 b, KOMBRARKOV, JNR.

Proposition 1.4'.12. Any solution of the Einstein—Mazwell equation on the pair 1.4%.12
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

2 2
_«a B
wherer—a—l—d.

Proposition 1.41.13. Any solution of the Einstein-Mazwell equation on the pair 1.4'.13
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

wherer—l—l—l—%:a;—l—ﬁ;.

Proposition 1.4'.14. Any solution of the Einstein—-Mazwell equation on the pair 1.4%.14
has the form:

0 0 —a O 0 O 0 0
0 a 0 O 0 0 a 0

B = —a 0 c ]’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

wherer—l—lz%z—l—%z.

Proposition 1.41.15. Any solution of the Einstein—-Mazwell equation on the pair 1.41.15
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

wherel—l—%:%z—l—ﬁ;.

Proposition 1.41.16. Any solution of the Einstein-Mazwell equation on the pair 1.4'.16
has the form:

0 0 —a O 0 0 0 O
0 a 0 O 0 0 a 0
B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 —-p 0
where%— :%z—l—ﬁ;.
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Proposition 1.41.17. Any solution of the Einstein—-Mazwell equation on the pair 1.41.17
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

d _ o | B
where2a— -+ =

Proposition 1.41.18. Any solution of the Einstein-Mazwell equation on the pair 1.41.18
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

wherel—l—%:%z—l—ﬁ;.

Proposition 1.41.19. Any solution of the Einstein-Mazwell equation on the pair 1.41.19
has the form:

0 0 —a O 0 O 0 0
0 a 0 O 0 0 a 0

B = —a 0 c ]’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

d _1_<a® 4 p?
where2a l—a—l—d.

Proposition 1.41.20. Any solution of the Einstein-Mazwell equation on the pair 1.41.20
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

d _ o | B
where2a— —+ .

Proposition 1.4'.21. Any solution of the Einstein—-Mazwell equation on the pair 1.4%.21
has the form:

0 0 —a O 0 O 0 0
0 a 0 O 0 0 a 0

B = —a 0 c ]’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0
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Proposition 1.4'.22. Any solution of the Einstein—Mazwell equation on the pair 1.4%.22
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

where %2 + %2 = —1.
Proposition 1.41.23. Any solution of the Einstein-Mazwell equation on the pair 1.41.23
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

where %2 + %2 = 0.
Proposition 1.4'.24. Any solution of the Einstein—-Mazwell equation on the pair 1.4%.24
has the form:

0 0 —a O 0 O 0 0
0 a 0 O 0 0 a 0

B = —a 0 c ]’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

where %2 + %2 =1.
Proposition 1.41.25. Any solution of the Einstein-Mazwell equation on the pair 1.41.25
has the form:

0 0 —a O 0 O 0 0
0 ¢ 0 O 0 O a 0

B = —a 0 c |’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0

where %2 + %2 = —1.
Proposition 1.41.26. Any solution of the Einstein-Mazwell equation on the pair 1.4.26
has the form:

0 0 —a O 0 O 0 0
0 a 0 O 0 0 a 0

B = —a 0 c ]’ = 0 —a 0 B}’ A=0,
0 0 d 0 0 -8 0
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Proposition 2.1'.1. Any solution of the Einstein-Mazwell equation on the pair 2.11.1
has the form:

0 0 a O 0 0 a 0
{0 0 0 b {0 0 0 B _ B*+b
B=1, 0 0 0]’ = —a 0 0 0] A=- 2’
0 b 0 0 0 —B8 0 0
where a® = b"zzﬁzaQ —a.

Proposition 2.11.2. Any solution of the Einstein-Mazwell equation on the pair 2.1%.2
has the form:

0 0 a O 0 0 a O
[0 0 0 b o 0o o0 B P
B=las 000 ®=|l_a 0 0 0] A“ﬁ’
0 b 0 0 0 -8 0 0

2
where a® = §—2a2 —a.

Proposition 2.11.3. Any solution of the Einstein-Mazwell equation on the pair 2.11.3
has the form:

0 0 a O 0 0 a O
[0 0 0 b o 0o o0 B P
B=1|, 0 0 0] 1= —a 0 0 0} A__w’
0 b 0 0 0 -8 0 0
where a? = §—§a2.

Proposition 2.12.1. Any solution of the Einstein—-Mazwell equation on the pair 2.1%2.1
has the form:

0 0 a O 0 0 a 0
o b 0 0 o 0o o0 B _ a’+a
B=la o000 % |a 0 00 27
00 0 b 0 -8 0 0
where B2 = — < Fap? _p,

Proposition 2.12.2. Any solution of the Einstein-Mazwell equation on the pair 2.12.2
has the form:

0 0 a 0 0 0 a 0
o b 00 o o o0 pB _ a’+a
B=la o000 % |a 0 00 2"
0 0 0 b 0 -8 0 0

where 3% = —%62 + b.
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Proposition 2.12.3. Any solution of the Einstein-Mazwell equation on the pair 2.12.3
has the form:

0 0 a 0 0 0 a 0
o b 0 0 o 0o o0 B _ a’+a
B=1lag oo o] ®={-a 0 0o 2=
0 0 0 b 0 -8 0 0
where 3% = —%62.

Proposition 2.12.4. Any solution of the Einstein-Mazwell equation on the pair 2.1%2.4
has the form:

0 0 a O 0 0 a 0
{0 b 0 0 o o0 o0 pB a?
B_aOOO’Q_ —a 0 00’)‘__@_2’

0 0 0 b 0 -8 0 0

where 3% = —‘;—262 —b.

Proposition 2.12.5. Any solution of the Einstein-Mazwell equation on the pair 2.12.5
has the form:

0 0 a O 0 0 a O
{0 5 0 0 o o o0 p a?
B_aOOO’Q_ —a 0 00’)‘__672’

0 0 0 b 0 -8 0 0

where 3% = —‘;—262 + b.

Proposition 2.12.6. Any solution of the Einstein-Mazwell equation on the pair 2.12.6
has the form:

[em i S I o N e
oo o O
OO O Q
[ p i e I e B )

Proposition 2.13.1. Any solution of the Einstein—-Mazwell equation on the pair 2.13.1
has the form:

a 0 0 O 0 0 a O
{0 b 0 O B 0 0 0 p _ﬂQ—I—b
B = 0 0 a 0}’ = —a 0 0 0}’ A= b
0 0 0 b 0o -8 0 0
where a2:b"|l;—2ﬁza2—a.

Proposition 2.13.2. Any solution of the Einstein-Mazwell equation on the pair 2.1%.2
has the form:

a 0 0 0 0 0 a O
[0 b5 0 O o o o0 B _B*—b
B=lo0ao0f| ®=|-a 0 0 of 2’
0 0 0 b 0 -3 0 0
2 _ p?

—b
where a 72 a® —a.
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Proposition 2.1%3.3. Any solution of the Einstein-Mazwell equation on the pair 2.13.3
has the form:

a 0 0 O 0 0 o O
[0 b5 0 O o o o0 8 _ B*—b
B = 0 0 «a 0} 1= —a 0 0 0}’ A= 2
0 0 0 b 0o -8 0 0
wherea—ﬁ

Proposition 2.13.4. Any solution of the Einstein-Mazwell equation on the pair 2.13.4
has the form:

a 0 0 0 0 0 a 0
{0 b5 0 0 0o o o0 B B
B=1o0ao0| ®=|l-a 0 0 o =%
0 0 0 b 0 -8 0 0
where a® = ﬁ—jaQ —a.

b

Proposition 2.13.5. Any solution of the Einstein-Mazwell equation on the pair 2.13.5
has the form:

a 0 0 0 0 0 a O
{0 b 0 O [0 o0 0 B B
B=19g 0 a4 ol Q=1 0 0 0} A‘ﬁ”
0 0 0 b 0 -8 0 0
where a® = b—§a2 + a.

Proposition 2.1%3.6. Any solution of the Einstein-Mazwell equation on the pair 2.13.6
has the form:

a 0 0 0 0 0 a 0
{0 b 0 0 [0 o0 0 B B
B = 0 0 a 0)° 1= —a 0 0 0] A_?”
0 0 0 b 0 -8 0 0
where a? = g

Proposition 2.1%.1. Any solution of the Einstein-Mazwell equation on the pair 2.1%.1
has the form:

0 0 a b 0 0 a 8
2 _ 2
B - 0 0 b —a 0= 0 0 8 -« , )\:2a—|—a ﬂ,
a b 0 0 —a -8 0 0 B
b —a 0 0 -8 a 0 0
where a®> # %, a8 = ﬁl;fxi;f“ab b, or
0 0 a ea 0 0 o p
| 0 0 ea —a | 0 0 B8 -« e(a? — %) — 2aﬂ
B = a e 0 0 ]’ = —a — 0 0 }° A=2 e(B% — a?)?
ea —a 0 0 -8 a 0 0

where a® # 3%, a —ﬁ;a,ee{ 1,1}.
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Proposition 2.1%.2. Any solution of the Einstein—-Mazwell equation on the pair 2.1%.2
has the form:

0 0 a b 0 0 a 8
{0 0 b -—a [0 0 B8 -a o’ — 37
B = a b 0 0 }|° = —a -3 0 0 ’ A_b2—a2’
b —a 0 0 -8 a 0 0
where a®> # %, a8 = %ab, or
0 0 a ea 0 0 a da
0 0 ¢ca —a 0 0 Jda —a da’?
B = a € 0 0 |’ = —a —6ba 0 0 [}’ )\__5?’
ea —a 0 O —da « 0 0

where e € {—1,1}, é§ € {—1,1}.

Proposition 2.2'.1. Any solution of the Einstein-Mazwell equation on the pair 2.2*.1
has the form:

0 0 ¢ O 0 0 a 0

0 6 0 a 0 0 0 o 3b — 2a?
B = a 0 0 0])° 1= —-a 0 0 0} A= 2a2

0 a 0 O 0 —-a 0 0

Proposition 2.2'.2. Any solution of the Einstein-Mazwell equation on the pair 2.21.2
has the form:

p=2
0 0 a O 0 0 a O
0 b 0 a 0 0 0 « o?
B=1,00 0] =1 _, 0 0 0] A__E
0 a 0 0O 0 —a 0 0
p=-2
0 0 a O
0 b6 0 a
B=|_0 0 ol Q=0, A=0
0 a 0 0O

For other values of p the Finstein—Mazwell equation has no solutions.
Proposition 2.21.3. The Finstein-Mazwell equation has no solutions on the pair 2.21.3.

Proposition 2.2'.4. Any solution of the Einstein—-Mazwell equation on the pair 2.21.4
has the form:

0 0 a O 0 0 2a20

00 b a 0 0 oot o a?
B=|, 4 00l 2=]_ @t Y g | A=——,

0 a 0 0 0 —a 0 0

where o # 0.
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Proposition 2.2'.5. Any solution of the Einstein-Mazwell equation on the pair 2.21.5
has the form:

0 0 a O 0 0 a 0
0 0 b a 0 0 2 q 2
B=1a b0 0] %7 —a -2t 0 0|’ A=
0 a 0 O 0 —a 0 O
where o # 0, or
0 0 a O 0 0 0 O
10 0 b a {0 0 B 0 _
B = a b 0 0]’ = 0o -8 0 0]’ A=0
0 a 0 O 0 0 0 O

Proposition 2.21.6. Any solution of the Einstein-Mazwell equation on the pair 2.21.6
has the form:

0 0 a 0 0 0 a O
0 0 0 a 0 0 0 « o?

B=1,000] %=l _a 0 0 ol A__E“
0 a 0 0 0 —a 0 0

Proposition 2.21.7. Any solution of the Einstein-Mazwell equation on the pair 2.21.7
has the form:

A=0
0 0 a O 0 0 a O
0 b 0 a 0 0 0 « a?
B=1lo o000l %=|_a 0 0 ol A__E
0 a 0 0 0 —a 0 0
A=1
0 0 a O 0 0 a 0
0 0 b a 0 0 2 o 2
B=1a b0 0] %7 —a —2 0 0|’ A=
00 a 0 0 0 —-a 0 0
where o # 0, or
0 0 a O 0 0 0 0
[0 0 b a (o 0o B o B
B=1, 500 %10 -8 0 0] A=0
0 a 0 0 0 0 0 0
A=—1
0 0 a O 0 I} a 0
{0 0 0 a | -8 0 0 a By —a?
B_CLOOO,Q_—QOO’)’,)\_QZ
0 a 0 O 0 —a — 0
A€l —1,1[\{0}
0 0 a O 0 0 a O
0 0 0 a 0 0 0 « a?
B=1lo o000l =4 0 o0 ol A__E
0 a 0 0 0 —a 0 0
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Proposition 2.22.1. Any solution of the Einstein-Mazwell equation on the pair 2.2%.1
has the form:

0 o0 0 a 0 0 «a 0
0 0 —a O 0 0 0 a o
B = 0 —a b 0 ’ Q= —a 0 0 _af;% ’ A= a_27
a 0 0 b 0 a azf:;az 0
where o # 0.

Proposition 2.22.2. Any solution of the Einstein-Mazwell equation on the pair 2.22.2
has the form:

0 0 0 a 0 0 a 0
0 0 —a O 0 0 0 a 2
B = 0 —a b 0} 1= —a 0 0 “;géb ) )‘—a2,
a 0 0 b 0 —a -9z
where o # 0.

Proposition 2.22.3. Any solution of the Einstein-Mazwell equation on the pair 2.22.3
has the form:

0 0 0 a 0 0 a 0

0 0 —a O 0 0 o0 a 2

B = 0 —a b 0}’ =1 _a 0 0 -—<|° )\_a_Q’
a 0 0 b 0 -a 2 0

where o # 0, or
0 0 0 a 00 0 O
0 0 —a O 00 0 O
B=1lo -« 5 o] %= {00 o | 270

a 0 0 b 0 0 -8 0

Proposition 2.22.4. Any solution of the Einstein-Mazwell equation on the pair 2.2%.4
has the form:

0 0 0 a 0 0 a 0

0 0 —a O 0 0 0 a a?

B=10 —a % o] 2=1_-a 0 o0 —ab | )\:a_Q’
a 0 0 b 0 —a <2 0

where o # 0, or
0 0 0 a 00 0 O
0 0 —a O 00 0 O
B=1lo -« 5 o] %= {00 o | 270

a 0 0 b 0 0 -8 0
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Proposition 2.23.1. Any solution of the Einstein—-Mazwell equation on the pair 2.23.1
has the form:

0 0 0 a 0 0 a O
0 0 —a O 0 0 0 a o?
B=1v o 0 o] %= _a 0 0 o) )‘_a_2‘
a 0 0 0 0 —-a 0 0

Proposition 2.3'.1. Any solution of the Einstein-Mazwell equation on the pair 2.31.1
has the form:

o R O o
QO oo
o O O R
o O Q O
)
I
OO OO
OO OO
o O O
o Q oo

Proposition 2.4'.1. The Einstein-Mazwell equation has no solutions on the pair 2.4%.1.

Proposition 2.4'.2. Any solution of the Einstein-Mazwell equation on the pair 2.4%.2
has the form:

0 0 —a 0
0 a 0 0 3
B=1_40 0 o] %70 A=—%
0 0 0 b

Proposition 2.41.3. Any solution of the Einstein-Mazwell equation on the pair 2.41.3
has the form:

0 0 —a 0
0 a 0 0

B=|_ 0% o ol ©=0 xr=0
0 0 0 b

Proposition 2.5.1. Any solution of the Einstein-Mazwell equation on the pair 2.51.1
has the form:

o R O o

QO oo

OO O Q

o O Q O
Q

Proposition 2.51.2. Any solution of the Einstein-Mazwell equation on the pair 2.51.2
has the form:

0 0 a O 0 0 0 O
0 0 0 a 0 0 o O

B = a 0 b 0]}’ = 0 —a 0 0}’ A=0
00 a 0 O 0 0 0 O
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Proposition 2.51.3. Any solution of the Einstein-Mazwell equation on the pair 2.51.3
has the form:

00 a 0 0 0 0 0
00 0 a 0 0 a 0
B=1la 05 0] % |0 a o g 20
0 a 0 0 0 0 -8 0

where h—%2—|—2gzm.

a

Proposition 2.5'.4. Any solution of the Einstein-Mazwell equation on the pair 2.5'.4
has the form:

00 a 0 0 0 0 0
00 0 a 0 0 a 0
B=1la 05 0] % |0 —a o g *=0
0 a 0 0 0 0 -8 0

where h—%2—|—2gzm.

a

Proposition 2.5'.5. Any solution of the Einstein-Mazwell equation on the pair 2.51.5
has the form:

00 a 0 0 0 0 0
00 0 a 0 0 a 0
B=1la 05 0] % |0 a o g 20
0 a 0 0 0 0 -8 0

where 2g — % = %

Proposition 2.5'.6. Any solution of the Einstein-Mazwell equation on the pair 2.5'.6
has the form:

00 a 0 0 0 0 0
00 0 a 0 0 a 0
B=1la 05 0] % |0 —a o g *=0
0 a 0 0 0 0 -8 0

where 2g — % = %

Proposition 2.5.7. Any solution of the Einstein-Mazwell equation on the pair 2.51.7
has the form:

0 0 a0 0 0 0 0
0 00 a 0 0 a 0

B=lao b 0] %50 a 0 2] A=0
0 a 0 0 0 0 -2 0

where o # 0.
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Proposition 2.51.8. Any solution of the Einstein-Mazwell equation on the pair 2.51.8
has the form:

0 0 a O 0o 0 0 O
0 0 0 a 0 0 o O
B = a 0 b 0}’ = 0 —a 0 —2 | A=0,
0 a 0 O 0o 0 2 0
where o # 0.

Proposition 2.51.9. Any solution of the Einstein-Mazwell equation on the pair 2.51.9
has the form:

0 0 a O 0 0 0 0
0 0 0 a 0 0 a 0
B = a 0 b 0}’ = 0 —a 0 2/ A=0,
0 a 0 O 0 0 -2 0
where o # 0.

Proposition 2.51.10. Any solution of the Einstein-Mazwell equation on the pair 2.5'.10
has the form:

0 0 a O 0o 0 0 O
0 0 0 a 0 0 o O
B = a 0 b 0}’ = 0 —a 0 —2 | A=0,
0 a 0 O 0o 0 2 0
where o # 0.

Proposition 2.51.11. Any solution of the Einstein-Mazwell equation on the pair 2.51.11
has the form:

0 0 a O 0 0 0 0
0 0 0 a 0 0 a 0
B = a 0 b 0}’ = 0 —a 0 B}’ A=0,
0 a 0 O 0o 0 -8 0
where af = 0.

Proposition 2.51.12. Any solution of the Einstein-Mazwell equation on the pair 2.5'.12
has the form:

00 a 0 0 0 0 0
00 0 a 0 0 a 0
B=1la 05 0] % |0 —a o g *=0
0 a 0 0 0 0 -8 0

where af = 0.
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Proposition 2.51.13. Any solution of the Einstein-Mazwell equation on the pair 2.5'.13
has the form:

0 0 a O 0 0 0 0
0 0 0 a 0 0 a 0
B = a 0 b 0}’ = 0 —a 0 B}’ A=0,
0 a 0 O 0o 0 -8 0
where af = 0.

Proposition 2.51.14. Any solution of the Einstein-Mazwell equation on the pair 2.51.14
has the form:

0 0 a O 0 0 0 0
0 0 0 a 0 0 a 0
B = a 0 b 0}’ = 0 —a 0 B}’ A=0,
0 a 0 O 0o 0 -8 0
where af = 0.

Proposition 2.5%2.1. Any solution of the Einstein-Mazwell equation on the pair 2.5%.1
has the form:

o oo
o o Q O
o O O 8
Qo oo
w

Proposition 2.52.2. Any solution of the Einstein-Mazwell equation on the pair 2.52.2
has the form:

00 a 0 0 0 0 0
0 a 0 0 0 0 a 0

B=1la 05 0] % l0o a o g *=0
00 0 a 0 0 -8 0

2

where 2r% + 2p = —2 57

a

[ &)

Proposition 2.52.3. Any solution of the Einstein-Mazwell equation on the pair 2.52.3
has the form:

0 0 a O 0 O 0 O
0 a 0 O 0 O a 0
B = a 0 b 0})° 1= 0 —a 0 g}’ A=0,
0 0 0 @ 0o 0 -6 0
where 2r — % = #

Proposition 2.52.4. Any solution of the Einstein-Mazwell equation on the pair 2.5%.4
has the form:

00 a 0 0 0 0 0
0 a 0 0 0 0 a 0

B=1la 005 0 %= lo 2a 0o gl *=0
00 0 a 0 0 -8 0

where 2a = —(a® + B%), a® + B2 # 0.
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Proposition 2.52.5. Any solution of the Einstein-Mazwell equation on the pair 2.52.5
has the form:

00 a 0 0 0 0 0
0 a 0 0 0 0 a 0

B=1la 05 0] % |0 —a o g 20
00 0 a 0 0 -8 0

where 2a = a? + B2, a® + % # 0.

Proposition 2.52.6. Any solution of the Einstein-Mazwell equation on the pair 2.5%.6
has the form:

o0 oo
coa o
oot O QR
Q@ oo o

Proposition 2.52.7. Any solution of the Einstein-Mazwell equation on the pair 2.5%.7
has the form:

o oo
coa o
oot O Q
Q@ oo o

Proposition 3.11.1. Any solution of the Einstein-Mazwell equation on the pair 3.11.1
has the form:

0 0 a 0 0 0 a O
0 0 0 a 0 0 0 «a a?

B = a 0 0 0} 1= —a 0 0 0} A“?“
0 a 0 0 0 —a 0 0

Proposition 3.12.1. Any solution of the Einstein-Mazwell equation on the pair 3.1%.1
has the form:

0 0 0 a 0 0 a O
0 0 —a O 0 0 0 a o?

B=1v o 0 o] %= _a 0 0 o) A_E“
a 0 0 0 0 —-a 0 0

Proposition 3.2.1. Any solution of the Einstein-Mazwell equation on the pair 3.21.1
has the form:

o oo

Qo oo

o O O 8

o o Q O
Q
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Proposition 3.21.2. Any solution of the Einstein-Mazwell equation on the pair 3.21.2
has the form:

o oo
Qo oo
o O O 8
o o Q O

Proposition 3.21.3. Any solution of the Einstein-Mazwell equation on the pair 3.21.3
has the form:

0 0 a O 0 0 0 O
0 0 0 a 0 0 o O

B = a 0 0 0]}’ = 0 —a 0 0})° A=0
00 a 0 O 0 0 0 O

Proposition 3.2'.4. Any solution of the Einstein-Mazwell equation on the pair 3.21.4
has the form:

A=1
00 a 0 0 0 0 0
000 a 0 0 a 0
B=1a000] % |0 —a 00 270
0 a 00 0 0 0 0
A#£1
00 a 0
000 a
B=|. 0 o ol %=0 r=o0
0 a 0 0

Proposition 3.22.1. Any solution of the Einstein-Mazwell equation on the pair 3.22.1
has the form:

o R O o
o O Q O
OO O Q
QO oo
w

Proposition 3.22.2. Any solution of the Einstein-Mazwell equation on the pair 3.22.2
has the form:

o R OO
o o a o
o O O 8
QO oo

Proposition 3.3'.1. Any solution of the Einstein-Mazwell equation on the pair 3.31.1
has the form:

p=0
0 0 a 0
0 0 0 a
B_GObO,Q_O,)\_O
0 a 0 0

For other values of p the Finstein—Mazwell equation has no solutions.



Proposition 3.3%.2.
Proposition 3.31.3.

Proposition 3.3!.4.
has the form:

Proposition 3.32.1.
has the form:

p=0
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The Einstein-Mazwell equation has no solutions on the pair 3.31.2.
The Einstein-Mazwell equation has no solutions on the pair 3.31.3.

Any solution of the Einstein—-Mazwell equation on the pair 3.3'.4

o oo
Q@ oo o
oot O Q
coa o

Any solution of the Einstein—-Mazwell equation on the pair 3.3%.1

00 a 0
0 a 0 0

B=|. 03 ol 9=0 x=0
000 a

For other values of p the Finstein—Mazwell equation has no solutions.

Proposition 3.32.2.
Proposition 3.32.3.

Proposition 3.3%.4.
has the form:

The Einstein-Mazwell equation has no solutions on the pair 3.3%.2.
The Einstein-Mazwell equation has no solutions on the pair 3.32.3.

Any solution of the Einstein—-Mazwell equation on the pair 3.3%.4

o R OO

0
0
0
a

oo a o
o o O Q

Proposition 3.41.1. Any solution of the Einstein-Mazwell equation on the pair 3.41.1

has the form:

B =

o R OO
QO oo

a 0 0 I} a 0

0 a - -8 0 0 «a , A:ﬂv—oﬂ'
0 0 —a 0 0 ~ a?

0 0 0 —a — 0

Proposition 3.4%2.1. Any solution of the Einstein-Mazwell equation on the pair 3.4%.1

has the form:

B =

o O O R
o O Q O
[em i S I o N e

0 0 a I} ~

2 2 2
0 | 0 v B | y_ot8+7r
0 —ﬂ vy 0 — a?
a -y B a 0

Proposition 3.5'.1. Any solution of the Einstein-Mazwell equation on the pair 3.51.1

has the form:

0 0 2 O
0 a 0 0 3
B=l9 0 0 of 2=0 )‘__Z‘
0 0 0 b
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Proposition 3.51.2. The Finstein-Mazwell equation has no solutions on the pair 3.5.2.
Proposition 3.51.3. The Finstein—-Mazwell equation has no solutions on the pair 3.5.3.

Proposition 3.5'.4. Any solution of the Einstein-Mazwell equation on the pair 3.5'.4
has the form:

0 0 22 O
0 a 0 O

B = 9% 0 0 o0l =0, A=0
0 0 0 b

Proposition 3.5%2.1. Any solution of the Einstein-Mazwell equation on the pair 3.5%.1
has the form:

o O O Q
o o a O
o oo
[ ol e B an B en
w

Proposition 3.52.2. The Einstein-Mazwell equation has no solutions on the pair 3.5%.2.
Proposition 3.52.3. The Einstein—-Mazwell equation has no solutions on the pair 3.52.3.

Proposition 3.5%.4. Any solution of the Einstein-Mazwell equation on the pair 3.5%.4
has the form:

o O O Q
o o e o
o oo
[yl e R e R an]

Proposition 4.1'.1. Any solution of the Einstein-Mazwell equation on the pair 4.11.1
has the form:

o R O o
QO oo
OO O Q
o O Q O

Proposition 4.12.1. Any solution of the Einstein-Mazwell equation on the pair 4.1%2.1
has the form:

o R OO
o o a o
o O O 8
QO oo

Proposition 4.2'.1. Any solution of the Einstein-Mazwell equation on the pair 4.21.1
has the form:

0 0 a O 0 0 a O
0 0 0 a 0 0 0 « 6a + o
B_aOOO’Q_ —a 0 00’)‘__ a?
0 a 0 0O 0 —a 0 0
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Proposition 4.2'.2. Any solution of the Einstein-Mazwell equation on the pair 4.21.2
has the form:

0 0 a O 0 0 a O
0 0 0 a 0 0 0 « a?

B=1.00 0] =1 _, 0 0 0] A__E
00 a 0 0 0 —a 0 0

Proposition 4.22.1. Any solution of the Einstein-Mazwell equation on the pair 4.2%.1
has the form:

a 0 0 O 0 0 a 0

0 a 0 O 0 0 0 o 6a + o
B = 0 0 ¢ 0}’ 1= —-a 0 0 0} A= a?

0 0 0 a 0 —-a 0 0

Proposition 4.22.2. Any solution of the Einstein—-Mazwell equation on the pair 4.22.2
has the form:

a 0 0 O 0 0 o O

0 a 0 O 0 0 0 «a a? — 6a
B = 0 0 a 0}’ = —a 0 0 0}’ A= a?

0 0 0 a 0 —a 0 O

Proposition 4.22.3. Any solution of the Einstein-Mazwell equation on the pair 4.22.3
has the form:

a 0 0 0 0 0 a 0
0 a 0 0 0 0 0 « o?

B=1lv 0 a0l %=l a 0 0 o] A_E?
0 0 0 a 0 —a 0 0

Proposition 4.23.1. Any solution of the Einstein-Mazwell equation on the pair 4.23.1
has the form:

0 0 a O 0 o O 0

0 0 0 a —a 0 0 0 a® — 6a
B = a 0 0 0} 1= 0 0 0 al’ A= a

0 a 0 O 0 0 —a 0

Proposition 4.23.2. Any solution of the Einstein-Mazwell equation on the pair 4.2%.2
has the form:

0 0 a O 0 a 0 0
0 0 0 a —a 0 0 0 2

B = a 0 0 0 , = 0 0 0 al’ A‘E‘
0 a 0 0 0 0 —a 0
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Proposition 4.3'.1. Any solution of the Einstein-Mazwell equation on the pair 4.31.1
has the form:

o R O o
QO oo
o O O R
o O Q O
)
I
OO OO
OO OO
o O O
o Q oo

Proposition 4.3'.2. Any solution of the Einstein-Mazwell equation on the pair 4.31.2
has the form:

o R O o
QO oo
o O O R
o O Q O
)
I
OO OO
OO OO
o O O
o Q oo

Proposition 5.1.1. Any solution of the Einstein-Mazwell equation on the pair 5.11.1
has the form:

o R O o
QO oo
OO O Q
o O Q O

Proposition 6.1'.1. Any solution of the Einstein-Mazwell equation on the pair 6.11.1
has the form:

o R OO

QO oo

o O O 8

o o a o
Q

Proposition 6.11.2. Any solution of the Einstein-Mazwell equation on the pair 6.11.2
has the form:

o R O o
QO oo
OO O Q
o O Q O

Proposition 6.12.1. Any solution of the Einstein-Mazwell equation on the pair 6.12.1
has the form:

o O O Q
o o a o
(o= = I en B en)
QO oo
w

Proposition 6.12.2. Any solution of the Einstein-Mazwell equation on the pair 6.12.2
has the form:

o O O R
o O Q O
o R O o
QO oo
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Proposition 6.12.3. Any solution of the Einstein-Mazwell equation on the pair 6.12.3
has the form:

o O O Q
o o Q O
o oo

Proposition 6.1%3.1. Any solution of the Einstein-Mazwell equation on the pair 6.1°.1
has the form:

OO O Q
o O Q O
o R O o

o O O

Proposition 6.1°.2. Any solution of the Einstein-Mazwell equation on the pair 6.1°.2
has the form:

0
0 3
0

o O O R
o O Q O
[em i S I o N e

—a

Proposition 6.1%3.3. Any solution of the Einstein-Mazwell equation on the pair 6.13.3
has the form:

0
0
0

OO O Q
o O Q O
o R O o
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2. FOUR-DIMENSIONAL EINSTEIN-MAXWELL HOMOGENEOUS SPACES

A pseudo-Riemannian homogeneous space (G, M) is said to be an Einstein—Maxwell
homogeneous space if the Einstein-Maxwell equation has a solution on (G, M). The
pair (g,g) corresponding to an Einstein-Maxwell homogeneous space (G, M) will be
called an Einstein—-Maxwell pair. We can divide the four-dimensional Einstein—Maxwell
homogeneous spaces (the Einstein-Maxwell pairs of codimension 4) into the Riemann-
ian (with an invariant Riemannian metric), the Lorentzian (with an invariant pseudo-
Riemannian metric of signature (3,1)), and the spaces (pairs) of type (2,2) (with an
invariant pseudo-Riemannian metric of signature (2,2)). Using the results of Chap-
ter II, 1, we can prove the following Theorems:

Theorem 1. Any Riemannian Einstein-Mazwell pair (g,9) of codimension 4 is equiv-
alent to one and only one of the following pairs: 1.12.1, 1.12.2 (p = 1), 1.12.6-1.1%.12,
2.1%.1-2.13.6, 3.42.1, 3.5%.1, 3.5%.4, 4.22.1-4.22.3, 6121613

Theorem 2. Any Lorentzian Finstein—-Mazwell pair (§,9) of codimension 4 is equiva-
lent to one and only one of the following pairs: 1.11.2 (p = l) 1.1%.5-1.11.7, 1.11.10 (A =
0), 1.12.2 (p = 1), 1.12.6-1.1%.10, 1.12.12 (A = 0), 1.1%.1, 1.1%.1, 1.41.2- 1.41.4, 1.41.8-
1.41.26, 2.12.1-2.12.6, 2.41.2, 2.41.3, 2.52.1-2.5%.7, 3.22.1, 3.22.2,3.3%2.1 (p = 0), 3.3%.4,
3.5%.1, 3.5 .4, 3.5%.1, 3.52.4, 4.12.1, 6.13.1-6.1%.3.

Theorem 3. Any Finstein-Mazwell pair (§,9) of codimension 4 with an invariant
pseudo-Riemannian metric of signature (2,2) is equivalent to one and only one of the
following pairs: 1.1'.1, 1.1*.2 (p = %), 1.1t.5-1.11.10, 1.1%.1, 1.12.2 (p = 1), 1.1%.6-
1.1%2.12, 1.15.1, 1.1%.1, 1.2%.1, 1.2%.1, 1.3%.1, 1.3'5 (A = 0, p € {-2,2}), 1.3'.8-
1.3%.14, 1.31.17-1.3*.23, 1.32.24 (X € {0,2}), 1.32.25 (A € {0,2}), 1.3'.30 (A = pu =
1), 1.3%.31, 1.31.32, 1.41.2-1.4* .4, 1.4'.8-1.4'.26, 2.1*.1-2.11.3, 2.13.1-2.1%.6, 2.1%.1,
2.1%.2, 2211, 2.21.2 (p € {-2,2}), 2.21.4-2.21.7, 2.22.1-2.22.4, 2.2°.1, 2.31.1, 2.41.2,
2.41.3,2.50.1-2.51 .14, 3.11.1, 3.1%.1, 3.21.1-3.21 .4, 3.3'.1 (p = 0), 3.31 .4, 3.41.1, 3.5 .1,
3.5%.4,4.1%.1, 4211, 4212, 4231, 4.23.2, 431 .1, 4.31.2, 5.11.1, 6.11.1, 6.11.2.

The solution of the Einstein-Maxwell equation on the pair m.n".i of a fixed signature
can be found from Proposition m.n".i. In addition, the metric B satisfies the following
complementary conditions:

1. If the signature of B is (3,1) (or (1,3)), then det B < 0.

2. If the signature of B is (4,0) (or (0,4)), then det B > 0 and B is positive (or
negative) definite.

3. If the signature of B is (2,2), then det B > 0 and B is neither positive, nor
negative definite.

Example. Consider the pair 1.12.1. The invariant pseudo-Riemannian metric on the
pair 1.12.1 has the form:

, det B = a*(bd — c?).

o O O Q
o o ov o
o R OO
QOO O

It follows that the pair 1.12.1 admits an invariant pseudo-Riemannian metric of
arbitrary signature, i.e., the pair 1.12.1 is a Riemannian pair if bd —c> > 0, ab > 0, a
Lorentzian pair if bd — ¢?> < 0, and a pair of type (2,2) if bd — c* > 0, ab < 0.
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By Proposition 1.12.1, any solution of the Einstein-Maxwell equation on the pair
1.12.1 has the form:

a 0 0 O
0 b6 0 ¢
B = 0 0 a 0]
0 ¢c 0 d
where 4a? = bd — 2,
0 0 « 0
0 0 0 —2a 20 — 3b
1= —a 0 O 0 A= 2a?
0 2o 0 0

It follows that the Einstein-Maxwell equation on the pair 1.12.1 has a solution in the
case of signatures (4,0) and (2,2), and has no solutions in the case of signature (3,1), i.e.,
the pair 1.12.1 is a Riemannian Einstein-Maxwell pair, as well as an Einstein—Maxwell
pair of type (2,2).
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