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[I1an nexkmuu

®OyHAaMEHTalbHbIE CMIanHbI
Bu-cnianHbl

PaLnoHanbHbIE CnanHbl
NURBS

[ToCcTpoeHue rnaakmnx NoBEPXHOCTEN



OCHOBHBIE TTAPAMETPUUECKUE
KyOH4ECKHE KPHUBBIC
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dopmbl pmuTa (Hermite) | ¢ | dyHAaMeHTanbHble Kybuyeckme crinaiiHbl
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KpuBble be3be (Bézier) B-cnnanHbl (6bu-cnnanHbl ot “basic”)
]

B-cnnaunHbl (6eTa-cnnanHbl) — 0606LeHne 6u-
crianHoB, obecneuvnBatoT G2

paLMOHasIbHbIE Cr1aHbl — OTHOLLEHWE ABYX CM1alHOBbIX
pyHKLMN.

NURBS — (Nonunifirm Rational B-splines) - HepaBHOMepHble paunoHasibHble
6un-cnnamnHbl.




Pa3HOBUIHOCTH CIUIAMHOBBIX (DYHKIIHH

B kHure XepHa n benkepa «KomnbioTepHas rpadurka n cTaHaapT
OpenGL» onncaHbl cneayoLme pasHOBUAHOCTW CrSlaNHOB:
- eCTeCTBEHHble Kybunyeckne cnnanHbl (cTp. 603),

- JpMmuToBa MHTepnonaums (cTp. 604),

- (yHAaMeHTanbHble cnnantHbl (cTp. 607),

- cnnanHbl KoxaHeka-baptenca (ctp. 609),

- cnnavHoBble KpmBble be3be (cTp. 611),

- Kybuueckue kpusble be3be (cTp. 620),

- 6u-cnnaunubl (cTp. 624),

- paBHOMEpHbIE Nepuoanyeckme bu-cnnannol (CTp. 626),
- Kkybuyeckune nepunoaunyeckme bu-cnnamtbl (cTp. 630),
- OTKPbITble paBHOMepHbIe 6u-cnnanHbl (cTp. 632),

- HepaBHOMEpHble bu-cnnamnHbl (CTp. 634),

- 6eTta-cnnantbl (cTp. 636),

- paumoHanbHble cnnanHbl (cTp. 638),

- NURBS (cTp. 639).



OyHIaMEHTATIBHBIE CIJIAUHBI

DyHAaAMEHTasbHbIE CNavHbl — 3TO MHTEPMNONPYIOLLME KYCOYHO-
Kybuueckne rnosiMHOMbI C 3a4aHHbIMU KacaTeslbHbIMU B KOHEYHbIX
ToYkax (Ha rpaHuLax y4acTkoB KpuBOW).

B oTnume ot popM dpMUTa 3HAYEHUS KacaTeSIbHbIX B KOHEYHbIX
TOYKax BBOAUTb OTAENbHO HE TpebyeTcs.

Ans ¢yHAaMEHTANbHOroO CnanHa KacaTenbHasi B KOHTPOIbHOM
TOYKE BbIYUC/ISIETCH NO KOOPAMHATAM ABYX COCEAHNX KOHTPOJSIbHbIX
Touek (Y3708 MHTEpNoNsAuumn).

YyacTtok dyHA. cnnanvHa NoIHOCTbIO 3aAaETCA MOMOXKEHNUAMU
YeTbIPEX NOC/eA0BaTe/bHbIX Y3N10B MHTEPNONSUNM (KOHTP. TOYEK).
[1Be cpegHue TOYKU ABNAITCA KOHEYHbIMU TOUYKaMM y4acTKa, ABe
APYrue UCrnosb3ylTCa NPy pacyeTe KacaTesbHbIX B KOHEYHbIX
TOYKaX.

Myctb: P(0) = p,, P(1) = p,,,, TOr4a O4HWM U3 BAapUAHTOB M.0. -
P'(0) = V2 (1-W)(Pi+1 Pi1) M P(1) = V2 (1-W)(Pys2 P)-



OyHIaMEHTATIBHBIE CIJIAUHBI

e TakuM 06pa3oM, KacaTesbHble B TOYKAX P, U Py, ; CUMTAIOTCS
NPOMNOPLMOHA/IbHBIMU XOPAaM Py Py, 1 W PyPy.o, @ W Ha3bIBaeTCS
NapamMeTpPoM HaTSXKEHNS — OH OTBEYAET 3a TO, HACKOJIbKO «TECHO»
CnyiaiiH COOTBETCTBYET BXOAHbBIM KOHTPOJ/IbHLIM TOUKaM.
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OyHIaMEHTATIBHBIE CIJIAUHBI

Mpn w=0, AaHHbIA KNAcC KpMBbIX Ha3bIBAETCS CrislanHaMu
Katmanna-Poma (Catmull-Rom splines) nnu cnnavHamum
Oyeepray3sepa (Overhauser splines).
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OyHaaMEHTATIBHBIE CIIIAWHBI

AHanornyHo dgopmMam IpMnTa U KpnBbIM be3be, MOXXHO BbIPa3nTb:

Py_1
3 2 i Py
Q(t):l t t 1 Mg
I Px.a
_pk+2_
s 2—s s—2 S |
2S s—3 3—2s —s
M. =
— S O S O roe s = (1-w)/2
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Q(t) = (-t° +3t* =3t +1)P, + (3t° -6t +3t) P, +(-3t°> + 3t*)P, +t°P,
Q(t)=@-1)°P, +3t(t-1)°P, +3t°(1-t)P, +t°P



OyHaaMEHTATIBHBIE CIIIAWHBI

—Ss 2-—5 s—2 S

M. — 2s s—3 3—2s -—s me's = (1-w)/2
— S (0) S O
O 1 0 o

B pa3BepHyTOM Buge:
Q(t) = (—st® +2st* —st)p, , +((2—s)t° +6(s-3)t* +1)p, +
+((s—2)t° +(3-2s)t° +st) p, ., + (st® —st?) p,.,

UIn.

Q(t) = CAR,(t) p,_; + CAR, (t) p, + CAR, (t) p,,, + CAR; (1) P .,



OyHIaMEHTATIBHBIE CIJIAUHBI

CTbIKOBOYHbIE DYHKUMK DYHAAMEHTANbHbLIX CNANHOB:

CAR,(t)

CAR, (t) = —st® + 2st* — st

CAR (t) =(2—s)t’ +6(s—3)t° +1
CAR,(t) = (s—2)t° + (3—2s)t” + st
CAR,(t) = st® —st”

npn w=0 (s = 2)



OyHIaMEHTATIBHBIE CIJIAUHBI

[1pnMepbl:

Q)
P = P,

MeTna dpyHAaMeHTanbHOro
CnianHa, NoalydeHHas npu
COBMAAAoLLMX KOHEYHbIX
TOYKaX KpUBOM.
HaTtaxxeHne w=0.

P %

CamonepecekaroLascs
KpuBas, NOPOXAEHHAs
6/1M30CTbI0 PACNONOXEHHbIX
KOHEYHbIX TOYEK.
HaTtsxeHne w=0.



Example Interpolation Spline.

Catmull-Rom spline interpolates control points. The gradient at each
control point is the vector between adjacent control points.

P'(t)=T-M, -G,
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bu-crianae:

e Bu-cnnanHbl 6amxe K KpuBbIM be3be, yeM kK hopMaM IpMuTa.
e Bu-cnnanHbl annpokcnmMmnpytoT (1) Habop KOHTPONbHbBIX TOYEK.,

e [lo cpaBHEHMIO C KpUBbIMU be3be cnepytowme npenmyLLecTea:

— CreneHb NonnHoMa bu-cnnanHa MOXHO 3aaTb HE3AaBUCUMO OT YMCNa
KOHTPOJIbHbIX TO4YekK (C onpeaenéHHbIMU OrpaHUYEHNSIMK),

— bBu-cnnanHbl AONYCKatOT NIOKanbHbIM KOHTPO/b Haj (bOpMOn KpUBOW.

e HepgocTaToKk — 60nbLIas C0XHOCTb 6U-CNNaNHOB NO CPABHEHWUIO C
KpnBbiMU be3be.

O6Lwunm Bma:

P(t)=> PBg(t), tn, <t<t. . 2<d<n+l
k=0



bu-crianae:

P(t)=> pBo), ty, <t<t,, 2<d<n+l
k=0

rae: p, — BXoAHOW Habop 3 n+1 KOHTPOSIbHbIX TOYEK.
CTbIKOBOYHbIE (hyHKLMM BU-CnnaiiHa By j— 3TO MONNHOMBI CTEMNEHM
d-1, roe d- napaMeTp CcTeneHu.

CTbIKOBOYHblE DYHKUUK AN Bu-cninanHoB onpeaenstoTcs
pekypcnBHbIMU popMynammn Kokca-ae-bypa (Cox-deBoor):

Lecm t <t<t, .,

Bk,l (t) m {

0,6 npomuenom cayuae.

B, ()= "% g Vg

tk+d—1 B tk tk+d i tk+1



bu-crianae:

Ka)xaas CTbIKOBOYHAs PyHKUMS onpeaeneHa Ha CBOEM NoAnHTEpBane
(obLuee uncno - d) obuwero aranasoHa t.

KoHeYHast Touka KaXxaoro noauHTepBana t; HasblBaeTcs y3/10M, a BECh
Habop KOHEYHbIX TOYEK BbIOPaAHHbIX I'IOLI,VIHTepBaJ'IOB - BEKTOPOM.

3Ha4YeHNs1 KOHEYHBIX TOYEK MOANHTEPBANIOB MOXHO BblOMpaTh N06LIMY
npu ycnosum, 4to t< t ;. MNocne yero, sHaueHns t;, U t,, 3aBUCAT OT uncna
BbIOpaHHbIX KOHTpOJ‘IbeIX TOY€eK, 3Ha4YeHns napameTpa d M BEKTOpa y3/0B.

[1puM. — IOCKONbKY 3/1IEMEHTbI BEKTOPA Y3/10B MOXHO BblbpaTb Tak, YTO HEKOTOPbIE
3HaMeHaTenn B ¢popmynax Kokca-ge bypa 6yayTt obpawatbcs B 0, npuHmuMaeTtcs yto 0/0
6yaet pasHbIM O.

Lecm t <t<t, .,

Bk,l (t) m

0,6 npomuenom cayuae.

(t_tk) Bk d—1(t)+ (tk+d _t)

tk+d—1 B tk tk+d i tk+1

B, 4 ()= By.144(t)



PanmmonanpHbBIE CIIJIAaUHBI

PaLunoHanbHasa MyHKUMSA NpeacTaBnseT cobon npocTo OTHOLWEHME
ABYX NOSIMHOMOB. COOTBETCTBEHHO, PaLMOHasbHbIN CM/TAaWH — 3TO
OTHOLLEHWNE ABYX CMIaUHOBbLIX (PYHKLWMN.

HanpumMep, paunoHanbHbi 6M-CnamH MOXXHO OnncaTb paanyc-

BEKTOPOM: i
ZWK P By 4 ()
P(t) = *= -

> WB, 4 (1)

rae p.- Habop 13 n+1 NOMOXEHNN KOHTPOSIbHBIX ToYeK. MapameTpbl W, —
BeCoBble KO3 PDULUMEHTbI KOHTPOJbHBIX ToYeK. YeM 6onblue 3HaueHne onpe-

OENEHHOro w,, TeM banxe Kpmsasi NPUTArMBAETCSA K KOHTPOSIbHOW TOUKE Py,
B3BELUEHHOM 3TUM NapamMeTpoM. Koraa BceM BeCcoBbIM KO3 duLneHTaMm byayT
MNPUCBOEHBI 3HA4YeHMS 1, NOYYUM CTaHAAPTHbIN BU-cnnamH, NOCKONbKY
3HAMEHaTe/b B 3TOM C/lydae — NPOCTO HAabop CTbIKOB. PYHKLUMK (MX cyMMa =1)




PanmmonanpHbBIE CIIJIAaUHBI

[lpenMylLLecTBa:

PaLoHasbHble Cr/TaHbl TOYHO NPEACTaBNAT KPMBbIE BTOPOro
nopsaaka (KOHMYecKmne ceyeHns ), Kak OKPY>XHOCTW, SUNCLI U T.4.

HepaunoHanbHble CriflanHbl MOTYT TOSIbKO annpoOKCUMUPOBATD
KOHUYECKME CEYEHMUSI.

PaLoHasnbHble CnanuHbl HBAapUAaHTHbLI OTHOCUTENBHO
NepCcrnekTUBHOW NPOeKLMK. ITO 03HAYAET, YTO NEPCneKTUBHOE
npeobpa3oBaHne MOXXHO NPUMEPATb K KOHTPOJIbHbIM TOYKaM
PaLIMOHANIbHOW KPUBOUW M MOMYYNTCS NpaBuibHAsS NPOEKLIMS KPUBOW.

He paumoHanbHble cnnanHbl HE MHBAPWUAHTHbI K NEPCNEKTUBHOM
npoeKumn.




NURBS

O606L1eHne naen paLmoHanbHbIX CMJTANHOB — paLMOHanbHble 6u-
CniiavHbl C HEPaBHOMEPHbIM NPEeACTAB/IEHMEM BEKTOPA Y310B (MIMEHHO

anst ynobcrBa nepcnekTuBHbIX Npeobpa3oBaHmi). aHHble CnianHbl
Ha3biBatoTCcad NURBS:

Non-uniform Rational B-Splines — HepaBHOMEPHbIE
(HEOAHOPOAHbIE) PALIMOHASTbHbBIE OU-CII/IAUHBI.



[loBepxHOoCTU be3be




HenpepbIBHOCTbL
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HenpepbIBHOCTbL




Surfaces — a simple extension

Easy to generalise from cubic curves to
bicubic surfaces.

Surfaces defined by parametric equations of
WY ORYEIEI IO <s<1 and O<t<1

le. a surface is approximated by a series of
crossing parametric cubic curves

Result is a polygon mesh and decreasing step
size in sand £will give a mesh of small near-
planar quadrilateral patches and more
accuracy.




Example Bézier surface




Control of surface shape

*— —

Control is now a 2D array of control points.

e The two parameter surface function, forming

the tensor product with the blending
{UNTeIONY X (s,1) = > f(s) f; (D a

similarly forY (s,t) and Z(s,t)

Use appropriate blending functions for Bézier
and B-Spline surface functions.

Convex Hull property is preserved since
bicubic is still a weighted sum (1).



Bézier example

l Matrix formulation is as follows:

X(s,t)=s".M,.q,.M_ .t
q, Is 4x4 array of x coords
y(s,t)=s".My.q,.Mg.t

q, Is 4x4 array of y coords
Z(s,t)=s'".M_.q,.M ..t

SLERREUEVIURANIY S bstitute suitable values for
sandt (20 in the above ex.)




B-Spline surfaces

¢ Break surface into 4-sided patches choosing

suitable values for sand ¢

Points on any external edges must be
multiple knots of multiplicity &.

Lot more work than Bézier.

There are other types of spline systems and
NURBS modelling packages are available to
make the work much easier.

Use polygon packages for display, hidden-
surface removal and rendering. (Bézier too)



Continuity of Bicubic patches.

' Hermite and Bézier patches

— C, continuity by sharing 4 control points
between patches.

— C, continuity when both sets of control
points either side of the edge are collinear
with the edge.

e B-Spline patch.
— C, continuity between patches.



